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Symbols and notation

K algebraic number field

R Dedekind ring with quotient field K and R # K

P(R) set of non-zero prime ideals of R

A simple central algebra over K

n square root of the dimension of A: n? = dimg A

IntClsg(R) integral closure of the ring R in the ring S, that is, all elements of S
which are integral over R

Sp localization of the ring S at the prime ideal p
S’p completion of the ring S at the place p

Up valuation corresponding to the place p

Op embedding corresponding to the infinite place p
my local index of A at the place p

Ky local capacity of A at the place p

sS4 set of infinite places of K ramified in A

K;{ elements of K™ which are positive at all places in Sé

ii



Introduction

Starting point and theoretical foundation of the thesis is the eponymous Theorem of
Eichler [Eic37]. In a nutshell, this states that a normal ideal I in a simple central
algebra A over a number field K is under certain conditions, which we will state in
Theorem principal if and only if its reduced norm nr [ is principal. So far, this
could in practice only be used to check whether an ideal is principal, by testing if the
reduced norm (an ideal in a number field) has this property. In this thesis we give an
algorithm which actually computes a principal generator for I.

One application of this is the computation of isomorphisms between modules of a
maximal order in A. Accordingly, Bley and Johnston [BJ11] and Hofmann and Johnston
[HJ18] require the hypothesis, that one is able to solve the principal ideal problem in
a maximal order of a skew field, to give algorithms for modules respectively lattices of
maximal orders in algebras.

Algorithms to solve the principal ideal problem in quaternion algebras have been
published by Kirschmer and Voight [KV10|. These make heavy use of the fact that the
reduced norm map is for those algebras a quadratic form. Page gives another algorithm
for this problem in indefinite quaternion algebras [Pagl4al and discusses an algorithm
for skew fields over Q [Pagl4b].

We are going to present a very general algorithm for algebras fulfilling the Eichler
condition relative to a Dedekind ring R # K with quotient field K (see Definition [2.1]).
This is a requirement of the theory lying underneath and notably excludes totally positive
quaternion algebras. The algorithm presented in this thesis is fit for use in practice in
the sense that it has been implemented in the programming language Julia [Bez+17] as
part of the software package Hecke [Fie+17]. Although the complete algorithm works
for general Dedekind rings, we implemented it only for the case where R is the integral
closure of Z in K. Accordingly, if we give references for algorithms which take R as
input, then these usually only cover this special case.

Structure of this thesis

The thesis is structured as follows. In Chapter [If we fix some notation and collect basic
theory needed for the coming chapters. Particularly important results in this chapter are
the Theorem of Hasse-Schilling-Maass (Theorem , the finiteness of the type number
(Theorem[1.4)), and the factorization of integral ideals into maximal ideals (Theorem|[L.8).
Also the definition of what exactly we mean by the word “ideal” is of great importance
here, as it differs from the usual ring-theoretical meaning.

Chapter [2]is then dedicated to actually two Theorems of Eichler, the second one being
the already mentioned one. To avoid confusion, we call the first Theorem of Eichler
(Theorem “Eichler’s Norm-Theorem” in what follows and when we say “Theorem
of Eichler” we mean the second one (Theorem . It should be pointed out, that from
Chapter [2| onwards we assume that the algebra A fulfils the Eichler condition relative
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to R. At the end of this chapter we already state the algorithm making the Theorem of
Eichler constructive by following its proof. We make of course use of algorithms there
which we present in the following chapters.

We start with this in Chapter [3, where we state an algorithm which computes an
integral and coprime representative of an ideal (Section . Further, we present an
algorithm to compute representatives of the conjugacy classes of maximal orders (Section
which is an application of the computation of maximal ideals (Section . This is
also needed for the factorization of ideals (Section .

The following Chapter [4] gives an algorithm for Eichler’s Norm-Theorem, that is an
algorithm which solves integral norm equations, where “integral” is meant with respect
to R. We first consider integral norm equations in finite extensions of number fields
where we try to find solutions in maximal as well as non-maximal orders (Section .
We then make use of these results in the situation of algebras (Sections and [4.3)).

The last Chapter [fis concerned with making a major part of the proof of the Theorem
of Eichler constructive. We describe how this problem can be reduced to a completely
group-theoretical question (Section and then discuss this question in more detail
(Section . In Section we state a different approach to the initial problem of
Chapter [5| which appears to be a promising starting point for future optimizations of
the algorithm.

In the appendices we give some algorithms for ideals in matrix algebras (Appendix
and explain the computation of quotients of modules over Dedekind rings (Appendix
. The results stated there are needed in Chapter [3, and although we think they are
mostly well-known, we could not find a reference in the literature. We conclude with a
short discussion of S-units and unit groups of Dedekind rings in algebraic number fields
(Appendix , which is needed in Chapter

One final remark: We occasionally give exercises in [Rei06] as reference, but only if
these exercises have a very detailed “hint”, which is actually the proof.
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1. Definitions and basic theory

We start with fixing some notation and stating basic facts needed in the coming chapters.
Our main references are [Rei06] and |[CR81].

Throughout the thesis let K be an algebraic number field, R # K a Dedekind ring
with quotient field K, and A a central simple algebra over K. Let dimg A = n? for an
n € N, where dimg A is indeed a square by [CR81], Theorem 3.28] and |[Rei06, Theorem
7.15).

For a (finite or infinite) place p of K we write K, for the completion of K at p and
set

Ap = Kp XK A.
By [Rei06), Corollary 7. 8] Ap is a central simple Kp algebra and therefore Ap = Mat, (S)
for a skewfield S over Kp and some ry, € N by [CR81} Theorem 3.28]. In this situation,
we call my, € N with mp [S Kp] the local index (also called Schur index in the
literature) of A at p and x, the local capacity of A at p. We say that A ramifies at p or
that p is ramified in A, if my > 1.

1.1. Norms of elements

Let o € A and denote by a, € Homg (A, A) the left multiplication by o on A. Then the
characteristic polynomial of o over K is defined to be the characteristic polynomial of
ar, over K. Let fo(X) € K[X] be this polynomial. Then the trace T(a)) and the norm
N(a) of v are the elements of K fulfilling

fa(X) = X" = T(@)X™ ™ + -+ (~1)" N(a).

The characteristic polynomial of « is always the n-th power of the so-called reduced
characteristic polynomial by |Rei06, Theorem 9.5]. Accordingly, we have the reduced
norm nr « and the reduced trace tr o, which fulfil (nr )" = N(«a) and ntra = T'(«). If
« is integral over R then nr« and tr « are elements of R by |Rei06, Theorem 1.14]. See
[Rei06], Chapter 9a] for a precise definition and more properties of these maps.

One can determine the image of the map nr : A — K. For this, let Sfo be the set of
all infinite places of K, which are ramified in A. For a place p € S2 write oy for the
corresponding embedding. If p is ramified in A, then oy is a real embedding by [Rei06,
Theorem 32.2]. Hence we may define

KX.—{CLEK }Up >Of0reachp€S}

Theorem 1.1 (Hasse-Schilling-Maass). Let A be a central simple K-algebra and let
a € K*. Then a is the reduced norm of an element of A if and only if a € K;{, that is,
nr(A) = K} u{0}.

Proof. See |[Rei06, Theorem 33.15]. O



1.2. Orders

A subring A of A having the same unity element as A is called an R-order if A is a full
R-lattice, that is, A is a finitely generated R-module and KA = A. Such an order A is
mazximal if it is not properly contained in any other R-order of A. Maximal R-orders
exist by [Rei06, Corollary 10.4] and most orders considered in this thesis are going to be
maximal. We occasionally drop the R in front of the word “order” as there is no danger
of ambiguity.

Let p € P(R), where we write P(R) for the set of non-zero prime ideals of R. Let R,
be the localization of R at p and let fm’p be the p-adic completion of R at p. For any
R-order A and any A-module M we set

Ap = R, ®p A and Ap = Rp ®rA
as well as ) X
M, == Ry ®g M and M, := R, ®g M.
If M C A, we identify M, with the set {mr~1 | m € M,r € R\ p} C A, see |[Rei06} p.
32the discriminant of an R-order A is the ideal
o(A) = <det((tr aiaj)1§i7j§nz) ‘ Oy, Q2 € A>R
of R.

The discriminants of any two maximal orders coincide and we can read off information
about ramifying prime ideals from the (hence unique) discriminant:

Lemma 1.2. Let A be a mazimal R-order in A. Then we have
D(A) _ H p(mp—l)mpn'
peEP(R)
Proof. See [Rei06, Corollary 25.10]. O

Remark 1.3. Since
(mpkp)? = dimKp /lp = dimg A = n?,
we have
o) = [ v
peP(R)
So we can determine the prime ideals at which A ramifies and their local capacities by
factoring the discriminant of any maximal order A.

Although maximal orders in A are in general not unique, it often suffices to consider
a finite set of maximal orders: If A is a maximal R-order in A, then for any o € A*
the conjugated order aAa~! is a maximal order too. This conjugation by units of A
is clearly an equivalence relation on the set of maximal R-orders in A. The number
of equivalence classes of maximal R-orders under conjugation is called the type number

tr(A) of A.
Theorem 1.4. The type number of A is finite.

Proof. See |Swa86, Proposition 9.12]. It is a consequence of the fact that any maximal
order A fulfils the Jordan-Zassenhaus condition, see |[Rei06, Chapter 26]. O



1.3. Ildeals

We call any full R-lattice I in A an ideal in A. Note that I is not an ideal of A (or
any other ring in general) in the usual ring-theoretical sense. In the rare cases in which
we handle ideals in the latter sense, we will explicitly call these left, right, or two-sided
ideals. Any ideal I in A possesses a left order

OI):={{&€A|&ICT}

and a right order
O,(I):={£&€ A|I£C T}

These are indeed R-orders in A, see |[Rei06, p. 109].

We say that I is a normal ideal, if O;(I) is a maximal order. Further, if I is normal
and I C Oy(I), then we call I an integral ideal. Then I is also a left ideal of O;(I).
These definitions could also be formulated with the right order. A normal ideal [ is in
fact integral if and only if I C O,(I), see [Rei06, Theorem 22.9], and I is normal if and
only if O,(I) is maximal by [Rei06, Theorem 21.2].

Lemma 1.5. For any ideal I and oo € A* we have
Oi(al) = aO;(Iat and O,(Ia) = a0, ()«

as well as

O1(Ia) = O(I) and Or(al) = O,(1).
Proof. It holds
Oal)={¢cA|éal Cal}={¢cA|(a €a)IC T}
={tcA|aaec O} =a0Da!

and

O(la) ={(eA|¢laCla}={,cA|LICT}=0),
since « is a unit of A. The results for the right order follow analogously. O

For two ideals I and J we define the product in the usual way by setting
I-J:=(af|ael,peld)g.

This is again an ideal as it is clearly a finitely generated R-module and from KI = A
it follows K C KI and hence A = KJ C K(I -J) while the other inclusion is trivially
fulfilled. For ideals I3,..., I, k € N5, we call the product Iy - - - I} proper if O,.(I;) =
Ol(Ii—i-l) for all 1 S ) § k—1.

Theorem 1.6. (a) A proper product of integral ideals is integral.

(b) Let I and I' be normal ideals with the same left order A. Then it holds I C I if and
only if I = I'-J for some integral ideal J with O,(J) = O,(I) and O)(J) = O, (I').

Proof. See |[Rei06, Theorem 22.19]. O



An integral ideal B with O;(B) = O,(B) is a prime ideal of A := O;(P) if AB C P
implies & C P or B C P for every pair of two-sided ideals A and B of A.

An integral ideal M is called mazimal if M is a maximal left ideal of O;(M). Then
M is also a maximal right ideal of O, (M) and conversely, see [Rei06, Theorem 22.17].

Theorem 1.7. Let A be a maximal order in A. For each prime ideal p of R there
exists a unique prime ideal P of A given by P = ANrad A,. Conversely, p is uniquely
determined by P via PN R = p.

For each maximal integral ideal M with left order A there is a unique prime ideal 3
of A contained in M which is given by P = annp A/M. Conversely, for any prime ideal
B there exists a mazximal integral ideal M with left order A containing .

Proof. See [Rei06, Theorem 22.4] and |[Rei06, Theorem 22.15]. O

Let B be a prime ideal of A lying over the prime ideal p, that is 8N R = p. Note that
if the maximal integral ideal M with left order A contains 8 then also M N R = p since
p is a maximal ideal of R and 1 ¢ M. Conversely, if M N R = p, then ‘B is the unique
prime ideal of A contained in M since Q N R # p for each other prime Q.

In analogy to the factorization of ideals into prime ideals in number fields we have a
factorization into maximal ideals.

Theorem 1.8. Let A be a maximal order and I an integral ideal with left order A.
Suppose that the A-module A/I has composition length k.
Then there exist mazximal integral ideals My, ..., My such that

I =M, - M,
is a proper product and Oy(I) = Oy(My) as well as Op(I) = Op(My,).
Proof. See [Rei06, Theorem 22.18]. O

In the situation of Theorem the maximal integral ideals M, ..., M} correspond
to the composition factors of A/I in the sense that

A/My, My /My M, . ..

is a composition series of A/I, see [Rei06] p. 200]. The next theorem guarantees that we
can control the order of occurrence of the maximal integral ideals.

Theorem 1.9. Let A and I be as in Theorem[I.8 and let X1, ..., X}, be the composition
factors of the A-module A/I in any preassigned order. Then there exists a factorization

of I as in Theorem[1.8 such that
A/My = Xy and (M- Mi—1)/(My--- M;) = X;
forallie{2,...,k}.

Proof. See [Rei06, Theorem 22.28]. O



1.4. Norms of ideals

Let X be a non-zero R-torsion module with composition factors R/p; for some prime
ideals p1,...,pr € P(R). Then the order ideal of X is defined to be ordg X =[], p;. In
case X =0 we set ordgp X := R.

Let now I be an integral ideal with left order A. Then the norm of I is the ideal

N(I) :=ordrA/I,

where A/I is indeed an R-torsion module since I is a full R-lattice contained in A. If A’
is the right order of I then we also have N(I) = ordgr A’/I by |Rei06, Theorem 24.3].
If I is a normal ideal with left order A then there is a non-zero a € R such that Ia is
integral. We then define the norm of I to be N(I) := a="N(la). This does not depend
on a, see [Rei06, p. 212].
By [Rei06, Theorem 24.11], the norm of any normal ideal I is always the n-th power
of an R-ideal nr I, the reduced norm of I.

Lemma 1.10. For any integral ideal I we have N(I) C I.

Proof. We follow the hint of [Rei06, Exercise 27.4]. Let A be the left order of I. By
definition, we have N(I) = ordg A/I. But

ordg A/I CannpA/I C 1. O

Theorem 1.11. Let A be a maximal order and let p be a prime ideal of R. Let P be
the prime ideal of A lying above p and let M be a maximal integral ideal with left order
A containing B. Then nr'P = p™ and nr M = p.

Proof. By |Rei06, Theorem 24.13], we have nr M = p. The proofs of [Rei06, Corollary
24.8] and [Rei06, Theorem 24.13] show N(B) = N(M)"». As both sides are the n-th
power of the reduced norm it follows nr*Jd = p~r. O

We have the following relation between the norms of principal ideals and the norms
of elements of A.

Lemma 1.12. Let A be a maximal order and o € A*. Then
N(Aa) = RN(a) and nr(Aa) = Rura.
For the first statement, A is not required to be central or simple.

Proof. Let I := Aa. Note that I is indeed an ideal of A since « is a unit and therefore
KI = Aa = A. By [Rei06, Theorem 24.9], it holds

N(I)=(N(B)| B € I)r.

So we have
N(Aa) = (N(AM)N(a) | A€ A)r = RN(«)

and the analogous statement holds for the reduced norm by |Rei06, Corollary 24.12]. [



Corollary 1.13. Let A be a maximal order and oo € A with o € A*. Then « is a unit
of A if and only if N(a) and nr « are units of R.

Proof. Follows directly from Lemma by considering the ideal Aa. O

For a normal ideal T and a prime p € P(R), we also have a norm N(I,) and a reduced
norm nr I, of the completion which are defined in the same way as for I. There is the
following relation.

Lemma 1.14. Let I be a normal ideal with left order A and let p € P(R). Then it holds
(nr 1), = nr I,

Proof. We may assume that I is integral since if Ia is integral for ¢ € R then also fpa is

integral. Now IV (fp) = ]V(\I)p by the same argument as in the proof of [Rei06, Theorem
24.2], see the hint of [Rei06, Exercise 24.1]. Taking the n-th root of the R-ideals on both
sides shows the claim. O



2. The Theorems of Eichler

In this chapter we give the precise statements of Eichler’s Norm-Theorem and the The-
orem of Eichler following |[Rei06, Chapter 34].

2.1. Eichler condition and Eichler’'s Norm-Theorem

Definition 2.1. The central simple K-algebra A satisfies the Fichler condition relative
to R, if dimg A # 4 or there exists a prime of K at which A does not ramify and which
is not induced by a prime of R.

If R is the integral closure of Z in K then “primes not induced by R’ are infinite
primes. Hence one could restate the above definition in this case as follows: A satisfies
the Eichler condition relative to R if A is not a totally definite quaternion algebra.

From now on, we always assume that A fulfils the Eichler condition relative
to R. Additionally we always assume n > 1.

We need the following technical lemma. Let S2 and Kj{ be as in Chapter

Lemma 2.2. Let S1 # () be a finite set of primes of R, including all those which ramify
in A, and let So be a finite and possibly empty set of primes of R such that S1 NSy = ().
Let a € K:{ N R and assume that for each p € S1 U Se we are given a polynomial

Fo(X) = X" 4 b1y X" b by, X+ (—1)a € Rp[X],

such that fo(X) is separable and irreducible over Kp for each p € 5.
Then for each € > 0, there exists a polynomial

fX)=X"+a X"+ 4+ a,1X +(—1)"a € R[X]
satisfying all of the following conditions:
(a) For each p € Sy U S, it holds vy(a; —bip) < e for1 <i<mn-—1,
(b) for each p € Sy, the polynomial f(X) is irreducible over Kp,
(c) the polynomial f(X) is separable and irreducible over K and
(d) for each p € SZ, the polynomial f(X) has no zeros in the field f(p.
Additionally, the field extension of K defined by f is a splitting field for A.

Proof. For the construction of f see [Rei06, Lemma 34.5]. We now prove the additional
claim following step 3 of the proof of [Rei06, Theorem 33.15].

Let z be any root of f in an algebraic closure of K and let L := K(x). By [Rei06,
Theorem 32.15], L is a splitting field if and only if for each place B of L and each



restriction p of P to K it holds my | [Ly : Kp]. As my = 1 if p is not ramified in A, we
only need to consider ramified primes and these are either in ,S’ji or in S7.

If p € S4, then Kp >~ R by [Rei06, Theorem 32.2] and hence f)q; >~ C for any ‘B
extending p by condition So, mp =2 = [f)qg : Kp].

Let now p be a finite prime ramified in A. Then p € 51, so f is irreducible over Kp by
But then [Lg : K] = n for the (hence) unique prime 9 lying over p. As myky = n
we have my, | [f)qg : Kp] as required. Therefore L is a splitting field for A by [Rei06)
Theorem 32.15]. O

We now state Eichler’s Norm-Theorem which is an “integral version” of Theorem [1.1

Theorem 2.3 (Eichler). If A satisfies the Eichler condition relative to R, then there
exists for every a € RN KX an integral element o € A with nr o = a.

Sketch of the proof. Let S1 be as in Lemma and let So = (. By |Rei06, Corollary
33.13], there exists for each p € S; a monic, separable and irreducible polynomial f, €
Rp[X] of degree n with constant term (—1)"a. By Lemma we may thus find a
separable irreducible polynomial

fX)=X"+a X"+ +ap 1 X + (—1)"a € RIX]

satisfying the conditions @ to @ of Lemma Let a be any zero of f in some
algebraic closure of K. Then L := K («) is a splitting field for A by Lemmal|2.2]and may
hence be embedded into A by [Rei06, Corollary 28.10]. Therefore @ € A and it holds

nra = a and « is integral over R by construction. O

By Theorem we also have nrav € RN K| for any integral element o € A\ {0}.

2.2. The Theorem of Eichler

The remainder of this chapter is dedicated to the Theorem of Eichler and its proof.
We are going to split this proof in some lemmata and propositions, which in some
cases correspond to an algorithm presented in the following chapters. We follow [Rei06,
Theorem 34.9], although we make some subtle changes:

Remark 2.4. Let A be a maximal R-order in A. By Theorem there exist finitely
many conjugacy classes of maximal R-orders, so let A = Ai,...,A; be a system of
representatives of these classes. As these are finitely generated R-modules, we may
choose an r € R\ {0} such that rA; C A, for all 4,5 € {1,...,¢}. In this definition of
r, we differ from [Rei06} p. 298] in two aspects. Firstly, we allow r to be a unit. This is
just a technicality, we will explain it in the proof of Lemma see footnote |(2)]

The second change is more profound. In [Rei06], r is only required to fulfil 7A; C A
for all ¢. But, quite frankly, we do not see how this is sufficient, as our additional
requirements for r appear to be crucial for the proof of Proposition (or step 5 of the
proof of [Rei06, Theorem 34.9]).

For the remainder of this chapter let ? be the discriminant of (any) maximal R-order
A.

Although it may seem a little bit off-topic, we need the following lemma. This is
mostly |[Rei06, Exercise 34.1] and its hint.



Lemma 2.5. Let p be a prime ideal of R and set R = R/p. There exists a polynomial
fX)=X"+ea X" '+ + e X+ (—1)" € RIX]
such that the coefficientwise reduction f € R[X| has no zeros in R.

Proof. Let ¢ be the cardinality of R. Then there are ¢"~! polynomials of the form
9 X)=X"+ e X" ey X 4 (1) € RIX].
If such a g has a zero s in R, then s # 0, as g(0) # 0, so we can write
g(X)=(X - s)(X"_1 4t (—1)”_15_1).

There are ¢ — 1 possible choices for s and at most ¢" 2 choices for the factor of degree
n — 1. Therefore the number of polynomials with a zero in R is bounded by (¢ — 1)g" 2
and this gives at least

qn—l _ (q _ 1)qn—2 _ qn—2 > 1

polynomials without a zero in R as n > 1. We may choose any such polynomial g and
let f be any (coefficientwise) lift to R[X]. O

To prove the Theorem of Eichler we need one more technical lemma.

Lemma 2.6. Let Aq,...,A; be a system of representative of the mazimal R-orders
of A and let v € R be as in Remark[2.4, Let A = A for some i* € {1,...,t} and let
p € P(R) such that p trd. Let finally O # {71,..., 7} C A be a finite set of units of the
localization A,.

Then there exists an element X € A* such that Ti_l)\n- € A* for each 1 <i<k and
the minimal polynomial of X € A/pA has no zeros over R/p.

Proof. We may choose an element s € R\ p such that STZ-_I eN i=1,..., k, where we
additionally require s ¢ R*. We want to apply Lemma Let S7 be the set of primes
of R which ramify in A or which divide the principal ideal rsR and let Sy = {p}. Then
S1 N Sy = 0 since p 1 rsR by construction and p does not ramify as p 1 9, see Remark
The set Sp is non-empty as s ¢ RX

We now construct the polynomials required for Lemma For this, fix a q € S and
let L = f(q(C ) be an unramified extension of degree n, where ( is a primitive (¢ — 1)-th
root of 1 with ¢ the cardinality of the residue field Rq / q]%q. Let 7 be a prime element of
Rq and let n’ := vq(rs). By [Neul5, Lemma II1.3.5] (see also the detailed hint to [Rei06,
Exercise 34.4]), there exists an m > nn’ such that u = 1 mod 7™R, for an element
u € Rq implies the existence of v € Rq with

u =" and v = 1 mod W”"lf%q. (%)

WWe always mean a system of representatives of the conjugacy classes.

1n [Rei06], s € R* is not excluded. Then this is the only place where r ¢ R* is required (see Remark
, otherwise S1 might be empty. We do not want to have this requirement for the following
algorithms. Hence we assume s ¢ R* instead.



Now let g € Rq [X] be the minimal polynomial of 1 + 7™¢ over K'q. Then the zeros of g
are the images of 1 + 7#”¢ under the powers of the Frobenius automorphism, that is

{1+7am¢" |0<i<n—1}.
Hence g is separable and we have the coefficientwise equivalence
9(X) = (X —-1)" mod Wqu.

Let (—1)"u be the constant term of g. By the above, there exists v € ]A%q fulfilling .
Note that v is a unit of Ry and set

fo(X) =0 g(0X) = X" 4 b1 g X" 4 4 by 1o X 4 (1) € Ry[X].

Then f, is irreducible (as g is a minimal polynomial) and separable and we have fq(X) =
(X —1)" mod meq.

We are left with having to construct a polynomial for p. Here we choose f, € Rp [X]
as in Lemma

Applying Lemma[2.2)with 3 = 1 now yields a polynomial f € R[X] which is coefficient-
wise near fy for each q € Sy U Sz. Hence f fulfils all of the following conditions (after
choosing ¢ in Lemma small enough):

(a) The coefficientwise reduction f € (R/p)[X] has no zeros in R/p, since this holds
for fy.

(b) It holds f(X) = (X —1)" mod (rs)", as this holds for all f; with q € S.
(c¢) The field extension of K defined by f is a splitting field for A.

Now let A be a zero of f in some algebraic closure of K and set L := K (M), so L is
a splitting field for A by Then we may embed L into A by [Rei06, Corollary 28.10]
and have \ € A, integral over R, and nr A = 1. Set

A—1

rs

By [(D)] we may write f(X) = (X —1)" + (rs)"g(X) for some g € R[X]. From f(A) =0
it then follows pu™ = —g(A) and so p" is integral over R by [Rei06, Corollary 1.11]. Then
also p is integral over R and thus there exists a maximal R-order A’ containing pu by
[Swa86, Lemma 9.24]. After replacing A and p by suitable conjugates we may assume
w € A; for some i € {1,...,t}. By choice of r in Remark we have ru € A, so
A=1+rsue A, and

c A.

fr =

Tj_l)\Tj =1+ Tj_lsr,uTj eA

for each j € {1,...,k} by choice of s. Further nr(Tfl)\Tj) =nrA=1,s0 A € A* and
Tj_l)\Tj € A* for each j € {1,...,k} by Corollary (they are units of A since L C A).

Finally note, that the minimal polynomial of A € A/pA must divide f. But f has no
zeros in R/p by [(a) O

10



A big step towards the Theorem of Eichler is the next proposition.

Proposition 2.7. Let Ay, ..., Ay be a system of representatives of the mazimal R-orders
of A and let r € R as in Remark[2.4 Let p € P(R) with p { 70 and let M and N
be maximal integral ideals with left order A = A, for an i* € {1,...,t}, such that
nr M =nr N =p. Then there exists ¥ € A* with M = N9.

Proof. We fix some notation before we start the actual proof. By Remark [I.3| A does
not ramify at p as p 1 0 and hence we have Ap >~ Mat (Kp) Now Ap is a maximal
Rp-order in A, by [Rei06, Theorem 11.5], hence A, = Mat,(R,) and rad A, = pA, by
[Rei06, Theorem 17.3] and [Rei06, Corollary 17.5]. Set

A= A/pA = Ap/pAp and R := R/p = f%p/PRpa

so A = Mat,(R) by [Rei06, Corollary 17.5] again. Note that also rad A, = pA, and
accordingly A = A, /pA,.

We have A/M = A/N = R" as A-modules, as these are simple modules in a matrix
algebra (see [Boub8|, §5, Proposition 11| and [Bou58, §5, Théoreme 2]). This gives short
exact sequences of A-modules

0 — M A2 R"

Vv
)

and

0 N A w>ﬁn > 0,

where the A-linear maps ¢ and v are completely defined by the image of 1, that is by
©(1),79(1) € R", as there is an isomorphism Homy (A, R") = R" defined by ¢ — cp(l)
see |[Rei06, Theorem 2.7]. Suppose (1) and (1) are linearly dependent over R,
there exists a € R\ p such that p(1) = atp(1). Then (¢ —arp)(1) =0, so ¢ — ap = 0.
As 0 # @ € R, it follows M = ker ¢ = kery) = N, which proves the assertion.

Suppose now that (1) and (1) are linearly independent over R. As A is a finite
ring, we may choose a finite set of elements 7, ..., 7 € A, such that AN = {T1,..., Tk}
Each 7; is also a unit in A, (see [Rei06, Exercise 6.2], it is a consequence of Nakayama’s
Lemma). Let now A be an element as in Lemma [2.6) m and denote by Ar the map on
the A-module R" induced by left multiplication by A € A. The R-linear map \;, has
no eigenvalues in R since the minimal polynomial of A has no zeros in R. Hence any
non-zero vector v € R is linear independent of Av. Choosing any such v there exists an
R-linear transformation T mapping ¢(1) to v and (1) to Av. Since

A = Mat,,(R) = Homz(R", R"),

this 7" must be given by left multiplication by a unit of A, so there exists an i € {1,...,k}
such that 7;(1) = v and 7;1(1) = Av. Then

Y(1) =77 ATip(1),
so (1) = 9p(1), with 9 := 7, 'A; € AX by Lemma It follows

N =keryp = ker(Jp) ={a € A | (V¢)(a) =0} ={a € A | p(a) =0}
—{acA|ade M} =M™,

11



where we have to swap « and ¥ in the fourth step, because the A-action on Hompy (A, En)
arises from the A-A-bimodule structure of A, see |[Rei06l p. 9]. Hence M = N4 with
¥ € A* as claimed. O

Dropping the maximality of the ideals in Proposition gives the following result.

Proposition 2.8. Let A, A1,..., Ay and r be as in Proposition [2.7. Let I and J be
integral ideals with left order A, such that nt I = nrJ and nrI + 10 = R. Then there
exists ¥ € A* with I = J9.

Proof. Let nrI = pipg---py for prime ideals p;, € P(R). By Theorem we may
factorize I and J into maximal integral ideals

I:MlMQMk andJ:NlNg---Nk.

The number of factors k is indeed the same in both cases since nr/ = nrJ and each
factor corresponds to a prime divisor of the reduced norm (see Lemma. By Theorem
[1.9] we may assume that nr M; = nr N; = p; in the above factorizations.

We now prove the claim by induction on k. In case k = 0 there is nothing to show
and in case k = 1 this is Proposition

So let £ > 1. Since p; + 70 = R it follows M; = N1v by Proposition fora ¥ € A*.
Let I' := My--- My, J' := 9" Ny--- Ny¥ and set A’ := Oy(I'). By Lemma it holds

N = Oy(My) = O.(M;) = O.(N19) = 97O, (N )v
= 197101(]\72)19 = Ol(ﬁilNg) = OZ(J/)

Now I’ is an integral ideal of A’ since proper products of integral ideals are integral by
Theorem Accordingly Nj--- Ny is an integral ideal of O;(N3), hence Ny--- N C
Oy(N2), so J' C 971O)(N3)¥ = A’ and J’' is an integral ideal of A’ too. Note that
nr I’ =nrJ and nrI’ +r0 = R.

There exists « € A* and i € {1,...,t} such that A’ = aA;a~!. Set A= alja~? for
each j =1,...,t. This is clearly a system of representatives of the maximal R-orders of
A and we have

rA;- = arAja_l C aijofl = A;-/
for any j, j* € {1,...,t} by choice of r. So, r and the A} fulfil the conditions of Remark
Hence we may assume by induction that there exists 9 € A* with I’ = J'v¥'.
Putting everything together we have

I=MI =MJVY =N9JY = J1919,,
where ¥ € A* as claimed. O

Lemma 2.9. Let I be an integral ideal with left order A and let a be any ideal of R. If
I+ aA = A then it holdsnrI +a = R.

Proof. Let p € P(R) divide a. ‘We have fp + a[Xp = A, and hence fp + pAp = Ap. By
Nakayama’s Lemma it follows I, = A,. By Lemma we hence have

—

(nr 1), = nr I, = m“f\p = R,

which proves the claim. O

12



We are now ready to prove the Theorem of Eichler.

Theorem 2.10 (Eichler). Let A be a central simple K-algebra satisfying the Eichler
condition relative to R and let I be any normal ideal in A. Then I is a principal ideal
if and only if its reduced norm nr I is a principal ideal Ra for some a € Kj.

Proof. Let A be the left order of I and let » € R as in Remark

If I is a principal ideal, then I = A« for some o € A. Hence nr I = nr(Aa) = Ruora
by Lemma E and nra € K:{ by Theorem

Now assume nrl = Ra for some a € KX. By [Rei06, Corollary 27.7], there exists
B € A* such that IS is integral, that is I3 C A, and

18 +rdoA =A.
We have A = O;(I8) by Lemma [1.5| and by Lemma it follows
nr(If) =nrInr 3 = Ranrf,

where anr 8 € Kj{ by Theorem Further, if I3 = Ay for a v € A then I = Ay371,
so it suffices to prove that I3 is principal. In what follows we may thus assume that [
is an integral ideal of A and I 4+ r0A = A. Note that then a € RN KX.
By Lemma 2.9} it holds
nrl +r0=Ra+r0=R

and by Theorem there exists an integral element o € A* with nta =a. If @ € A
then nr I = nr(A«), hence I = (Aa)¥ for some ¢ € A* by Proposition
It remains to show the claim for a ¢ A. By [Swa86, Lemma 9.24], there exists a
maximal R-order A’ containing . Consider the normal ideal (A’A)~! with left order A
and right order A’. As at the beginning of this proof there exists § € A* such that for
J = (NA)~16 we have
JCAand J+1rdA =A,

and hence nrJ 4 ro = R by Lemma Then also N(J) + rd = R and we may thus
choose b € N(J) with bR + rd = R. By Lemma [L.10] it holds N(J) C J,so b€ JNR.
Hence

b tas € JoTLA'S,

where 6 'A’6 = O,(J) by Lemma and it follows
bolas € JO,(J) C J CA.

Therefore I’ := Abd~'ad is an integral ideal with left order A and, since b € R, so is Ib.
Now
nr(/b) = nrInrb = Rab"

as well as
nr I’ = Rorbnr(6~'ad) = Rb"a

and a and b are coprime to 0. Hence there exists 9 € A* with Ib = I’ by Proposition
and I is a principal ideal as claimed. O
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Following the proof, we can already state an algorithm for Theorem [2.10] making use
of the algorithms which we are going to present in the following chapters.

Algorithm 2.11 (Principal generator).

Input: A normal ideal I with left order A in a central simple algebra A satisfying the
FEichler condition relative to R.
Output: An element o € A* such that I = A« if such an element exists.
1: Compute a system of representatives A = Aq,..., A; of the maximal R-orders using
Algorithm [3.13
2: Compute r € R\ {0} with rA; C A; for each i,5 € {1,...,t} using Algorithm
(see Remark [3.4).
3: Compute 8 € A* such that I8 C A and I3 + r0A = A, where 0 is the discriminant
of A, using Algorithm
Set J := If.
if there does not exist an a € K:‘r N R such that nrJ = Ra then
stop [ is not a principal ideal.
end if
Find a € A with R(nr «) = nr J using Algorithm
Compute ¥ € A* with J = Aad) using Algorithm
10: return adf 1.

The correctness of Algorithm is clear by the previous proof. For the check in line
we use [Coh00, Algorithm 4.3.2].

The following chapters are now dedicated to presenting the algorithms used in Al-
gorithm [2.11] Before we start, we state a generalization of Proposition for later
reference.

Corollary 2.12. Let A be a mazimal R-order in A, where A satisfies the Fichler con-
dition relative to R. Let I and J be mormal ideals with left order A in A. Then it
holds

J = Ia for some o € A* if and only if nrJ = anrI for some a € KX

Proof. This follows from considering the ideal I=1.J, see [Rei06, Corollary 34.21] for
details. O
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3. Algorithms for ideals

In this chapter we present various algorithms mostly concerned with ideals in A.

The first section is dedicated to finding integral and coprime representatives of
ideals as needed in line |3| of Algorithm We then (Section consider the problem
of computing maximal integral ideals with a chosen left order, as this is needed for the
computation of representatives of the maximal orders in Section[3.3] Another application
is the factorization of integral ideals, which we discuss in Section as we require this
in Chapter

For Sections and [3.4] we do not have to assume that the algebra A fulfils the
Eichler condition relative to R.

3.1. Integral and coprime representatives of ideal classes

Let A be a maximal R-order, let I be a normal ideal and let J be an integral ideal,
both with left order A. |Rei06, Corollary 27.7] guarantees the existence of an o € A*
such that I« is an integral ideal, which is coprime to J, that is o + J = A. See also
Proposition for a proof. In this section we describe an algorithm to compute such an
a € A*. The main ideas of this algorithm are already hidden in [Rei06, Theorem 27.1]
and |Rei06 Exercise 18.3]. Bley and Johnston describe in [BJ11} Section 5.1] a similar
algorithm in a more general situation, where I is any module of A. We will repeat some
of the arguments, but also provide more details since [ is an ideal.

Let a € JN R\ {0} be any element and consider the ideal a := Ra. Then aA C J, so
if ITao+aA = A for an o € A*, then Ia+ J = A. Hence it suffices to consider the case
J = aA for an ideal a of R.

We first treat the special case where a is a prime ideal of R. So let p € P(R) be any
prime. By |Rei06, Theorem 18.10], I is locally free at p. Hence there exists an « € [
such that I, = Apa, which we may find using the algorithm described in [BW09, Section
4.2]. We call an element with this properties a local generator of I at p in what follows.

Remark 3.1. Let o € I be a local generator of I at p. Then it holds o € A*: Indeed,
there is a surjective map A, - I, of free Ry-modules of same rank, so this is an

isomorphism. This induces an isomorphism KA, = KI, and we have A = KA, and
A=KI, soaec A*.

From I, = Ay it follows Ipoz_l = A, and therefore Ia=1 C Ap. The next task is to
find an € R\ p such that Ta~'z C A. For the algorithm solving this, we assume that
A and I are given by pseudo bases, so

n? n’
A= @aiai and I = @ bi i
i=1 i=1

for fractional ideals a; and b; of R and elements oy, 8; € A.
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Algorithm 3.2 (Coprime denominator).
Input: An ideal I with left order A and p € P(R) with I, C A,.
Output: z € R\ p with Iz C A.
1: Rescale the pseudo bases of A and I such that the coefficient ideals have no valuation
at p resulting in pseudo bases (a;, @v;)1<;j<p2 respectively (b;, 5;)1<i<n2, as described
in Appendix o o
2: Find Cij € K with §; = Z;Lil CijQuj.
3: Set Cij 1= b; - Clj_l " Cij for all 1 < 1,7 < n?.
Determine the set S C P(R) of prime ideals q with vq(c;;) < 0 for at least one pair
of indices 4,5 € {1,...,n%}.

>

5. for g € S do

6: eq :=max { —vq(c;;) | 1 < i,5 < n?}

7: end for

8: Compute x € R with vq(x) = eq for all g € S and vp(z) = 0.
9: return z

Lemma 3.3. Let I be an ideal with left order A and p € P(R) with I, C Ay. Then
Algorithm correctly finds an element x € R\ p with Ix C A.

Proof. With the notation from the algorithm, we have z¢;; C R and hence zb;c;; C a;
for all 1 <, < n?. So for v € I with v = 327, b;B;, b; € b;, we have

n? n? n? n? n?
YT = Zbl,ﬁl.% = Zbi(quaj)x = Z (szcmw> Q; € A
=1 =1 =1 j=1 =1
———
ca;

and therefore it holds Iz C A.

It remains to show that p ¢ S. The localizations A, and I, are free Ry-modules
with bases {au,...,a,2} and {f1,..., 3,2} respectively because of the rescaling in line
Since I, C A, by assumption, we have ; € A, for 1 <14 < n?. Therefore the cij in
line 2| will lie in Ry, so vp(c;j) > 0 for all ¢ and j. As the valuation of the coefficient
ideals is 0 at p, we have vp(c;;) > 0 for all 1 <i,j < n? and hence p ¢ S. O

Remark 3.4. Let M and N be two full R-lattices in A. Then we can use Algorithm
to find « € R such that Mz C N by omitting line (1 and the requirement v,(z) = 0 in
line [§| However, the algorithm ensures, that the returned element has no valuation at
p. As this is not required, it should usually be faster to compute denominators of the
ideals ¢;; in Z and return the least common multiple of these denominators instead of

lines [] to 8

Summing up, we can compute a local generator @ € I N A* of I at a prime p and
then compute an x € R\ p using Algorithm such that Ta~'z C A. Then 1 € Ia™ 1,
so ¢ € Ia~ 'z, and therefore I 2 + pA = A since p is coprime to the ideal Rz. So we
have solved the problem for prime ideals. We now come back to the initial problem of
an arbitrary ideal a and describe how to combine the solutions for different prime ideals.
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Lemma 3.5. Let A be a mazimal order and let I be a normal ideal with left order A
and let {p1,...,pr} CP(R). Then there exists o € A* such that the map

p:I = A B+ Ba
is injective and the induced map @y, : Iy, — Ay, is an isomorphim for eachi € {1,...,k}.

Proof. First assume k = 0. Then we can use Algorithm (see Remark to compute
a € R\ {0} with Ta C A, which is a unit of A since it is a unit of K. Hence « fulfils the
requirements in this case.

Now let k > 1. Let a; € IN A for each 1 < i < k be a local generator of I at p;. By
Lemma there exists #; € R\ p; for each i € {1,...,k} such that To; 'a; C A. Let
now y; € R such that

vp, (i) = 0 and vy, (y;) > 0 for all j # i

and set o := Zle a;lxiyi. Since y; is chosen in R it holds Ia;l:ziyi C Ay; CA. As
this holds for any i we have

Ia C Iay ziyy + - + Ty oy C A,

hence ¢ : I — A, B — Ba is well-defined.
We show that the local maps ¢y, are isomorphisms for all . For this fix any i €
{1,...,k} and set p := p; for ease of notation. By construction we have

Lo wjy; C pAy for all j # i and Iya; 'y = Ay

since vy (z;y;) = 0, so z;y; € (Rp)*. Hence ¢, is surjective by Nakayama’s Lemma. By
the same argument as in Remark @ it follows that ¢, is an isomorphism and therefore
o a unit of A. Then ¢ must be injective too. O

Proposition 3.6. Let A be a maximal order, let I be a mormal ideal and J be an
integral ideal, both with left order A. Then there exists o € A* such that Ia + J = A.
In particular, Ia C A.

Proof. We follow |Rei06, Theorem 27.1] and |Rei06, Corollary 27.7]. Let a < R be
any ideal such that aA C J, e. g. choose any a € J N R\ {0} and set a := aR. Let
Suppr(a) = {p1,...,pr}. Then Lemma yields an @ € A* such that the map

p: I = A B Ba

is injective and ¢y, is an isomorphism for each 1 <1 < k. Hence we have a short exact
sequence

0 I—“25A——T—0,
with 7" := coker ¢. As ¢y, is an isomorphism, it follows 7,, = 0, which implies
anngT +p;, =R

by [Rei06, Theorem 4.20 (iii)] for each ¢ € {1,...,k}. It follows anngT + a = R, so
there exist u € anngT and v € a such that v +v = 1. It holds anng T C im ¢, so
u € im @ = Ia. This yields Ta + aA = A and finally Tao + J = A. O
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The proof of Lemma [3.5] gives the following algorithm which is correct by Proposition
5.0l

Algorithm 3.7 (Coprime and integral representative).

Input: A normal ideal I and an integral ideal J, both with left order A.
Output: a € A* with Ia+J = A and Taw C A.

: Choose a < R with aA C J and let Suppgr(a) = {p1,...,pr}-
if a = R then
Find z € R with Iz C A using Algorithm (see Remark [3.4).
return z
end if

: forie{l,...,k} do
Find o; € A* with I, = Ay, 04.
Using Algorithm with input Ioz;l and p;, compute z; € R\ p; with

S I A e

(Ia; Hax; C A

9: Compute y; € R with vy, (i) = 0 and Up, (y;) =1 for all j # 1.
10: end for
11: return Z?:l o) iy

For a in line [1| we may always choose a € JN R\ {0} and set a = aR. However,
in our application we will already be given J = aA for an ideal a < R. To avoid an
unnecessarily large «, one should do lines [7| and |8 for an index i € {1,...,k} only if
needed, that is, if T + p;A # A.

For line |§| as well as line [§] of Algorithm one can use [Hop98, Algorithm 1.7.5].

3.2. Computing maximal ideals

Let A be a maximal R-order and p a prime ideal of R. We describe an algorithm to
compute a maximal integral ideal M with left order A and M N R = p.

We first reduce the given problem to finding a maximal left ideal in a matrix algebra
over a finite field.

Let B be the unique prime ideal of A lying over p (see Theorem |1.7). The maximal
integral ideals with left order A, which contain p and hence B, are by definition maximal
left ideal of A and correspond thus to the maximal left ideals of A/3. This algebra
A/ is a simple algebra over R/p: Again, any two-sided ideal of A/ corresponds to a
two-sided ideal of A containing 3. But P is a maximal two-sided ideal of A by [Rei06),
Theorem 22.3], so A/ contains no non-trivial two-sided ideals. By |[CR81, Theorem
3.28], it follows that A/P = Matg (D) for a skewfield D over R/p and some k € N. As
R/p is a finite field, this skewfield D will actually be a field by [Rei06, Theorem 7.24].
So, A/P = Maty(F,) for a prime power ¢ and we are left with the task of finding a
maximal left ideal in this matrix algebra which we discuss in Appendix [A] see Remark
A.4| (one can also use Algorithm with input I = 0).

This gives the following algorithm.

(D Recall that we say left respectively two-sided ideal for the “usual” ideals of a ring.
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Algorithm 3.8 (Maximal integral ideal containing a given prime ideal).

Input: A maximal R-order A, a prime ideal p < R.
Output: A maximal integral ideal M with left order A and M N R = p.
1: Compute the prime ideal 9 lying over p and the quotient A/B as an R/p-algebra
together with the canonical map 7 : A — A/B.
2: Find the isomorphism ¢ : A/P — Mat(F,), where F, is a finite field extension of
R/p isomorphic to the centre of A/P.
3: Let v;, 1 <i < k? — k, be an Fy-basis of a maximal left ideal of Maty(F,).
4: Compute elements a; € A such that 7(a;) = = 1(v;) for 1 <i < k% — k.

5: Compute the ideal
k2—k

M:= )" Ra;+%.
=1

6: return M

The correctness of Algorithm [3.8]is clear by the discussion preceding it.

To compute the prime ideal B we follow [Fri00, Chapter 5], that means, we compute
B via the Jacobson radical of the R/p-algebra A/pA. For more information regarding
the computation of this quotient see Appendix [Bl To compute the Jacobson radical of
an algebra over a finite field and to construct the isomorphism ¢ we use the algorithms
described in |[Ebe89, Section 2.3.2] and [Ebe89, Section 2.5] respectively.

We are now able to compute any maximal integral ideal. Next, we refine the above
techniques to find a maximal integral ideal containing a given integral ideal, as this is
needed in the following sections. Let A be a maximal order, let I be an integral ideal
with left order A and let p € P(R). We want to find a maximal integral ideal M with
left order A, MN R =p and I C M. The next lemma gives an criterion for the existence
of such an ideal.

Lemma 3.9. Let p € P(R) and let I be an integral ideal with left order A. There exists
a mazximal integral ideal M with left order A, M N R = p and I C M if and only if
plnrl.

Proof. If M O I with M N R = p is given, then there exists an integral ideal J with left
order O, (M) such that I = MJ by Theorem We have nr M = p by Theorem [L.11]
and by the multiplicativity of the norm, it follows p | nr .

Let now p | nrl and let Xy,..., X, be the composition factors of the A-module
A/I. Then p is the R-annihilator of one of these factors by [Rei06, Corollary 24.14]
and after reordering we may assume anng X; = p. By Theorem there exists a
factorization I = M; --- My, of I into maximal integral ideals such that A/M; = X; and
by Theorem we have I C M;. Let now B be the unique prime ideal of A contained
in M;. Then B = annp A/M; by Theorem But p = anng A/M; C anny A/M;, so
MiNnR=PNR=p. O

Let 8 be the prime ideal of A lying over p. Then any maximal ideal M fulfilling the
requirements will also fulfil 8 C M and hence I +3 C M. But I 4 ‘B corresponds to
a left ideal in the simple R/p-algebra A/ which is isomorphic to Maty(F,) for some
k € N and an extension F, of R/p as at the beginning of this section.

Using Algorithm [A.5] we obtain the following algorithm.
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Algorithm 3.10 (Maximal integral ideal containing a given ideal).
Input: An integral ideal I with left order A, a prime ideal p < R with p | nr (see

Lemma [3.9)).
Output: A maximal integral ideal M with left order A, M "R =p and I C M.

1: Compute the prime ideal B lying over p and the quotient A/P together with the
canonical map w: A — A/B.

2: Find the isomorphism ¢ : A/PB — Maty(F,), where I, is a finite field extension of
R/p isomorphic to the centre of A/.

3: Compute J := p(m(I +P)) < Maty(F,).

4: Using Algorithm compute an F,-basis v1,...,v2_j of a maximal left ideal of
Maty,(F,) containing J.

5: Compute elements o; € A such that 7(a;) = ¢ (v;) for 1 <4 < k? — k. Compute

the ideal
k2—k

M = Z R + .
i=1
6: return M

The correctness of Algorithm is again clear by the above discussion.

It should be pointed out that the main idea of Algorithm [3.10]is actually the reduction
to I' := I + B, since one can then work in the finite algebra A/9B. From this point on,
one wants to find a maximal submodule of the A/B-module A/I’, which could also be
done using the Meat-Axe-Algorithm [Par84]. However, we are only interested in finding
any maximal submodule, which is why we have chosen the given less elaborate approach.

3.3. Computing a system of representatives of the maximal
orders

As we are now able to compute maximal integral ideals, we are prepared to describe
an algorithm which computes a system of representatives for the conjugacy classes of
maximal orders. In this section we rely again on the fact that A fulfils the Eichler
condition relative to R. Let A be a maximal R-order in A. Firstly, we establish some
notation: Let Z(A) be the group of ideals with left and right order A (this is a group by
[Rei06, Theorem 22.10]) and let

P(A) :={aA |« € A* with aA = Aa}
be the subgroup of principal ideals. Then we call
Cl(A) :==Z(A)/P(A)

the class group of ideals with left and right order A
Let S := 54 and K be as in Chapter |I| We define Clg(R) to be the ray class group
given by the quotient
Cls(R) := Z(R)/Ps(R),

(2)We differ here from the notation in |Rei06] where Cl(A) is the group of stable isomorphism classes of
ideals with left order A.
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where Z(R) is the group of fractional ideals of R and Ps(R) := {aR | a € K}.

With this notation we can state the following lemmata (which are actually Exercise
38 in [Kirl7]), whose proofs already give an algorithm for the computation of a system
of representatives of conjugacy classes.

Lemma 3.11. Let A be a mazimal R-order in A. The map
A : CI(A) = Clg(R), [I] = [nrl]s
s an injective group homomorphism whose image s the group
H = ({[a]§ | [a]s € Cls(R)} U{[pl’ | p € P(R) ramifying in A}).

In particular, the image does not depend on the choice of A, but is the same for each
maximal R-order.

Proof. The map ¢, is well-defined by Corollary and Theorem It is a group
homomorphism by the multiplicativity of the reduced norm.

For injectivity, let [I], [J] € Cl(A) such that [nrI|g = [nr J]g, so nr I = anr J for some
a € KX. Then there exists a € A* such that I = Ja by Corollary Now we have

A=0,1)=0,.(Ja)=a'0.(J)a=a"tAa

by Lemma Hence aA = A« and therefore [I] = [J].

Since Z(A) is generated by the prime ideals of A by [Rei06, Theorem 22.10], it suffices
to consider the reduced norms of prime ideals for the last claim. Let 8 be a prime ideal
of A lying over the prime p of R. As nr®8 = p® by Theorem [1.11] we already have
imop = ([pd | p € P(R)). Since k, | n for all p and k, = n, if p does not ramify in A,
we have

imn = ({5 | p € PR} U{RIY | p € P(R) ramifies}) = H

as claimed. O

Lemma 3.12. [t holds [Clg(R) : H| = tr(A), where tr(A) is the type number of A and
H is as in Lemma 311l

Proof. Let [R]s, [p1]s;- -, [pr]s € Clg(R), k = [Clg(R) : H]—1, be a system of represen-
tatives for the equivalence classes of the quotient Clg(R)/H. We may choose the first
representative to be R as [R]g is the neutral element of the group and we may choose
P1,...,Pr to be prime ideals, since any ideal class in Clg(R) contains a prime ideal by
[Nar04), Section 7.2, Corollary 7]. Now let A be any maximal R-order in A and let M; be
a maximal integral ideal with left order A such that M; R = p; for each 4, so nr M; = p;
by Theorem We write po = R and My = A and claim that the orders O,(M;) for
0 <¢ <k form a system of representatives for the conjugacy classes of maximal orders.

Each of them is maximal by [Rei06, Theorem 21.2]. Assume that there exists o € A*
such that O,(M;) = a™ 10, (M;)a for 0 < i,j < k. Following [Kir17, Lemma 2.8.4], let
I := M;*Mja, so M;I = Mja. Then

Oi(I) = Oy(M; ) = O, (M;)
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by [Rei06, Corollary 22.8] and
O,(I) = O,(Mja) = a 'O, (Mj)a = O, (M;)

by Lemma so I € Z(O,(M;)) and hence [nrI]s € H by applying Lemma to
Or(Ml) But

[ps]s[nr I]s = [nr M;]s[nr I]g = [nr(M;a)]s = [nr Mj]s = [nrpjls,

so the classes [p;]s and [p;]s are equivalent modulo H which implies ¢ = j. This shows
that no two of the right orders are conjugated and hence [Clg(R) : H] < tr(A).

Let A’ be any maximal R-order. We have to show A’ = aA;a~! for some o € A* and
i €{0,...,k}. Consider the ideal I := AA’ with left order A and right order A’ (since
clearly A C O;(I) and A is maximal). Then [nrI]g € Clg(R), so there exists [a]g € H
and i € {0,...,k} such that

mr I]s[a]s = [pils-

Applying Lemma to A’, we have impy = H, so there exists J € Z(A’) with
[nr J]s = [a]s. Hence nr(IJ) = (nrM;)a for an a € K and thus IJ = M;a with
a € A* by Corollary Now

N =0,(1J) =0, ( M) = a 'O (My)a = a A
by Lemma so we have indeed [Cls(R) : H] = tr(A). O

The previous lemmata now give the following algorithm.

Algorithm 3.13 (Representatives of the conjugacy classes of maximal orders).

Input: A maximal R-order A in A.
Output: Maximal R-orders Ay, ..., A, such that each maximal order in A is conjugated
to A; for exactly one i € {1,...,t}.
1: Determine the set S and compute the ray class group Clg(R).
2: Determine the ramifying prime ideals of R and their local capacities.
3: Compute H := (Clg(R)" U {[p"™]s | p € P(R), A ramified at p}) and the quotient
Cls(R)/H.
4: Choose a system of representatives [R]g, [p1]s, - - ., [pi—1]s for the equivalence classes
in Clg(R)/H, where p; < R is prime for each i.
5: For each p; find a maximal integral ideal M; with left order A such that M; N R = p;
using Algorithm [3.8]
6: Compute the right orders O, (M), ..., Op(M;_1).
7. return A, O, (M), ...,O0p(M;—1)

The correctness of Algorithm [3.13]is ensured by Lemma [3.12

To determine the set S = S4 we compute the local indices of the algebra at all real
places of K as described in [NS09] and to find the ramifying prime ideals we factor
the discriminant of A, see Remark [I.3] For the computation of the ray class group
and quotients of groups one may use |Coh00, Algorithm 4.3.1] and |[Coh00, Algorithm
4.1.7] respectively. To find the prime ideals py,...,p;—1 we test “small” primes. This
is a reasonable approach since each ideal class contains infinitely many prime ideals by
[Nar04), Section 7.2, Corollary 7]. To compute right orders we use [Fri00, Algorithmus
2.16].
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3.4. Factorizing ideals

Another application of the computation of maximal integral ideals is the factorization
of an ideal. In this section, let I be an integral ideal with left order A. Recall that I can
be written as a proper product of maximal integral ideals by Theorem

Algorithm 3.14 (Factorization of integral ideals).

Input: An integral ideal I with left order A.
Output: Maximal integral ideals M, ..., M} as in Theorem
1: Factorize the reduced norm: nrI = py ---pi with p; € P(R), k € N.
2. J:=1
3 fori=1,...,k—1do
4: Using Algorithm [3.10] compute a maximal ideal M; containing J and p;.
5 Set J = M[lJ.
6: end for
7. return My, ..., My_1,J

To prove the correctness of the algorithm we need the following lemma.

Lemma 3.15. An integral ideal M with left order A is mazimal if and only if its reduced
norm nr M is a prime ideal.

Proof. If M is maximal, then nr M € P(R) by Theorem [1.11]
On the other hand, if nr M is prime, then A/M is a simple A-module by [Rei06)
Corollary 24.14], so M is a maximal left A-submodule. O

Proposition 3.16. Given an integral ideal I with left order A, Algorithm correctly
computes a factorization into mazimal integral ideals as in Theorem[1.8

Proof. We show that at the beginning of the i-th run of the for-loop it holds I =
My - M;_1-J and that this is a proper product as well as O;(I) = Oy(M;) and O,.(I) =
O,(J) by induction on 4. This is clearly fulfilled for ¢ = 1, so let ¢« > 1. By induction
the claim holds at the beginning of the (i — 1)-st run, so we have to prove it is preserved
during that run. Algorithm [3.10] returns a maximal integral ideal M;_;1 2 J with left
order O)(M;—1) = Oy(J) in lineEl Let J' := M;"}J, so J = M;_1J'. Then we have
O1(M;—1) = O)(J) and O,(M;_1) = O;(J') by [Rei06, Corollary 22.8], so the product
My ---M;_1J is proper. Furthermore, it holds O,(I) = O,(J) = O,(J'). Putting
everything together, the claim is indeed still fulfilled at the end of the (i — 1)-st run, so
at the beginning of the i-th run.

Then this will also be fulfilled after the for-loop (or at “the beginning of the k-th
run”). Note that J is indeed maximal after the for-loop by Lemma as nrJ = pg
by construction. This means that all requirements of Theorem are fulfilled.

It is worth pointing out, that all involved orders are maximal, since we start with a
maximal order A and the right order of an ideal is maximal if and only if the left order
is maximal, see [Rei06, Theorem 21.2]. O

For the computation of Mi_lJ in line [5/in Algorithm we may use [Fri00, Algorith-
mus 2.16].
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4. Integral norm equations

We want to make Eichler’s Norm-Theorem (Theorem [2.3]) constructive, that is, given an
element a € RN KZ we want to construct an integral element o € A with nra = a. We
will now look at this problem in the case, where A is a finite field extension of K (and
not a central algebra) and after that go back to a central simple algebra A.

4.1. Solving integral norm equations in number fields

Let L be a finite extension of K and let S be the integral closure of R in L. Recall that
S is a Dedekind ring by [Neu07, Satz 1.8.1]. Given a € R we want to find b € S with
Ng, Kk (b) = a or decide, that no such b exists. Since there is no danger of ambiguity we
will write N for the norm map Ny g : L — K from now on. If a = 0, then this is solved
by b =0, so we assume a # 0 in the following.

We are going to present an algorithm to solve this problem which has been developed
by Prof. Dr. Claus Fieker. However, besides an implementation in Hecke [Fie+17], it
has not been published, as far as we know.

Let Sk := Suppg(a) = {p1,...,pr}. If Sg = 0, that is a € R*, one may skip the
following discussion and use Algorithm Assume now Sp # () and let Sg be the set
of places of K containing the ideals in Sk and all places of K which do not correspond
to a prime ideal of R. Extending the definition in [Neu07] to possibly infinite sets we set

K5 = {z € K" | vp(z) = 0 for all places p ¢ Sp}

to be the group of Sp-units of K. B

Let Sg:= {P € P(S) | PN R € Sg} and define Sg analogously to Sg. Let LSS be
the group of Sg-units. It holds L55 /5% = 7! where [ = |Sg| by Theorem @l

We have the following easy observation.

Lemma 4.1. Let b € S be any solution of the norm equation, that is N(b) = a. Then
be L.

Proof. We may write (b) = [[qep(s) B™* for some ng € Z>o and so using Lemma m
it holds

(@=N()= ] Je>Pe,

peP(R) Plp

where fy, is the inertia degree of P over p. Now let B € P(S) \ Ss and p = P N R.
Then p ¢ Sg, so vp(a) = 0 and hence } gy, fppng = 0. Thus ng = 0 as all summands
are non-negative integers. O
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As a first step, we now want to determine the set
M:={beS|Nb)=ain K5#/R*} C L% N&.

If this set is not empty, then it may contain infinitely many elements since one may always
multiply any b € M by units of S. However, it suffices to find a system of representatives
of the elements of M modulo S*. This is done by the following algorithm. We represent
a as an element of K% /R* in form of its valuations v; := vy, (a) at the primes p1, ..., pr,
so we have

M={beS|vy,(N(b)) =v; for 1 <i<kandvg(N(b)) =0 forall g€ P(R)\ Sg}.

Algorithm 4.2 (Integral norm equation in a number field — non-unit case).
Input: A set Sg = {p1,...,pr} of prime ideals of R and integers vy, ..., vx € Zso.
Output: Elements bq,...,b; € M such that for each element b € M there exist a unit
u € S* and an index j € {1,...,t} such that b = ub;.
1: Determine the set Sg := {B1,...,P;} of primes P of S with PN R € Sg.
2: Compute a minima set of generators g1,...,g; of L°S/S*.
3: Build the following matrices

vp, (N(g1)) -+ vpy (N(q)) v1
M := : : ez a:=|:|eczF
v (N(g1) - vp (N(90)) o
and
Up4 (91) Uy (gl>
N:= : : ez
Up, (1) - Up, (1)

4: Find the set B of vectors b € Z! such that Mb = a and Nb € leo-
5: return elements Hé:l gfi for each b = (by,...,b;) € B (where B might be empty).

To prove the correctness of Algorithm we need the following lemma.
Lemma 4.3. The set of solutions B in line[] of Algorithm is finite.
Proof. Let F = (fi;)ij € Z¥*! be the matrix defined by

0, otherwise.

f {f%pi, if P, lies over p;,
ij =

We claim M = FN. Indeed we have

l
(M)ij = vp, (N (97))) = vp, (N((97))) = D fopp,vm(9) = Y, firvm, (95) = (FN)y
Blps t=1

forall1<i<kand1l<j<lI.

W That is g; ¢ (g; | j #4) foralli =1,...,1.
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Let b € Z! be any vector fulfilling Nb ¢ Zl>0. Set ¢ := Nb. Then b is uniquely
determined by c, as {g1,..., ¢/} is a minimal set of generators and so the columns of N
are Z- and hence QQ-linearly independent. Now b € B if and only if Mb = a, so Fc = a.
We now show that there are only finitely many possibilities for ¢, so |B| < occ.

Write ¢ = (cy, ..., ) for integers ¢; and a = (vy,...,v;) and recall ¢; > 0 and v; > 0
for all . Every column of F contains exactly one non-zero entry (as there is exactly one
prime ideal of R lying under a prime ideal of S). Then we have for each ¢; the upper
bound ¢; < %, where f;; is the unique non-zero entry of column ¢ of F. It follows, that
there can only be finitely many solutions ¢ and so only finitely many vectors b € 5. [

Proposition 4.4. Algorithm[].9 is correct.

Proof. By Lemma B is finite, so line [5] of Algorithm [4.2]is feasible and the algorithm
returns only finitely many elements. Let b € L be any element returned by the algorithm
when given Sgp = {p1,...,px} and v1,...,vx € Z~o. Then we have vy (b) = 0 for each
prime Q € P(S) \ Ss, as b is a Sg-unit, and

l
v, (b) = ijv%(gj) >0
j=1

by the second condition on b in line[d It follows b € S. Similarly we have
l
Up; (N<b)) = Z bjvp; (N(g])) =Y
j=1

by the first condition on b in line {4 and vq(N (b)) = 0 for all g ¢ Sg. So b € M as
required.

Now assume there exists b € S with vy, (N (b)) =v; foralli =1,...,k and v, (N(b)i:
0 for all other primes q, so N(b) is a Sg-unit and therefore b a Sg-unit by Lemma
Then there exist by, ...,b € Z such that

l
b= Hgf" in L5 /8%,
i=1
Now, b := (by,...,b;) € Z! is a solution in line |4 of the algorithm since Mb = a as N(b)

has the correct valuations and Nb € leo as b is integral. Thus b is indeed equivalent to
one of the returned solutions modulo units of S. O

To find solutions of the linear system in line [4| of Algorithm we use polymake
[GJOO; |Ass+17], which itself uses the Parma Polyhedra Library [BHZ0§].

So far, we have only approached a up to a unit. The next two algorithms do the
remaining part.

Algorithm 4.5 (Integral norm equation in a number field — unit case).
Input: ¢ € R
Output: d € S* with N(d) = c if such an element exists.

1: Let uq,...,u; be generators of S*.

26



2: Build the group homomorphism v : §* — R* defined by v(u;) = N(u;) for i =
1,...,t.

3: if ¢ € imv then

4 return some d € v ({c})

5. else

6 There does not exist a solution.
7: end if

The correctness of Algorithm is clear since an integral element is a unit if and only
if its norm is a unit, see Corollary

Putting everything together we have an algorithm to solve integral norm equations in
a number field as follows.

Algorithm 4.6 (Integral norm equation in a number field).

Input: a € R
Output: b € S with N(b) = a if such an element exists.
1: if ¢ =0 then
2: return 0
3: end if
4: Determine Sgi := Suppg(a) = {p1,...,pr} and v; == vy, (a) for i =1,... k.
5. if Sp = () then
6: return the output of Algorithm with input a.
7: end if
8: Let by,...,b; be the output of Algorithm given Sg and vy, ..., vp.
9: fori=1,...,tdo
10: Set ¢ :=a/N(b;).
11: if Algorithm finds an element d € S* with N(d) = ¢ then
12: return d - b;
13: end if
14: end for

15: There does not exist a solution.

Proposition 4.7. Given a € R, Algom'thm correctly returns b € S with N(b) = a if
such an element exists.

Proof. 1If Algorithm [4.6] returns b = d - b; given a € R, then
N(b) = N(d)N(bi) = (a/N(b:))N(b;) = a,

so b is a solution of the norm equation. Furthermore b is integral as both d and b; in
line [12] are integral.

Now assume there exists b € S with N(b) = a. Then we have b = ub; for an index
i € {1,...,t} and a unit u € S* by Proposition (in particular t # 0). It follows
¢=a/N(b;) = N(u) in line[Il0]and so ¢ € im v in Algorithm[4.5] Hence the if-condition
in line [11]is fulfilled and the algorithm terminates with a solution. O

Before we move on to norm equations in algebras, we want to discuss a generalization
of Algorithm [£.6] for non-maximal orders of L. Let from now on 7' C S be a non-maximal
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R-order in L. In analogy to the situation for maximal orders, we want to determine a
system of representatives of the set

My ={beT | N(b)=ain K% /R*}

modulo units of T'.
Making use of Algorithm this is done by the following algorithm.

Algorithm 4.8 (Integral norm equation in a non-maximal order — non-unit case).

Input: A set Sg = {p1,...,pr} of prime ideals of R and integers v1,...,vx € Zo.
Output: Elements bq,...,b; € My such that for each element b € My there exist a
unit v € T and an index j € {1,...,t} such that b = ub;.
1: Let c1,...,cs be the output of Algorithm given Si and vy, ..., vg.
2: Compute the conductor F of T' in S and compute the quotient (S/F)*/(T/F)*
together with the projection 7 : S* — (S/F)*/(T/F)*.

3: Choose a system of representatives u1, ..., u, € S* for the residue classes in S* /T*.
4: Initialize a list B.

5. forie {1,...,s} do

6: Let ¢; be the residue class of ¢; in S/F.

7: if ¢; € (S/F)* then

8: if there exists u € S* with 7(u) = E then
9: Append v '¢; to B.

10: end if

11: else

12: for j€{1,...,r} do

13: if u;c; € T then

14: Append ujc; to B.

15: end if

16: end for

17: end if

18: end for

19: return B
Proposition 4.9. Algorithm[].§ is correct.

Proof. Before we prove the correctness of any results, we should explain why line |3 is
feasible. This is indeed the case since the index [S* : T*] is always finite by [Neu07,
Satz 1.12.9], [Neu07, Satz 1.12.11] and the fact that the Picard group of S is finite (the
argument is the same as for [Neu07, Satz 1.12.12]).

Let now c1,...,¢cs and u1,...,u, be as in the algorithm. We first show that a system
of representatives of M is given by the set

S
{ujei |1<i<s, 1<j<rinT=|J{eu; [1<j<rinT). ()
=1

(2)By abuse of notation, we write ¢; for the residue class of ¢; in S/F as well as the one in (S/F)* /(T /F)*.
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Indeed, if b € Mp, then there exist i € {1,...,s} and u € S* such that b = uc; by
Proposition Further, there are j € {1,...,7} and v € T such that u = vu;. Hence
b = vujc; and ujc; = v b € T as claimed.

Now fix any 7 € {1,...,s}. We claim that lines |§| to [L7| compute the set

M; ::{CinllngT}ﬂT,

at least up to units of 7', so that B is in the end the set in . If the reduction ¢; of ¢;
is not a unit in S/F, then there is nothing to show, as lines (12| to [16] clearly build the
set M.

So let ¢; € (S/F)*. By [Neu07, Satz 1.12.9] and [Neu07, Satz 1.12.11], there is a exact
sequence

1 T S* —L— (S/F)</(T)F)*.

If there exists a unit w € S* with m(u) = ¢;, there hence exists exactly one j € {1,...,r}
such that 7r(uj_1) =G

It remains to be shown that for any j € {1,...,r} it holds W(u}l) = ¢; if and only
if uje; € T. If W(uj_l) = ¢;, then w(uj)¢; € (T/F)*, so uje; € T as claimed and the
implication in the other direction follows by the same arguments. O

To compute T, F and (S/F)*/(T/F)* we use the algorithms described in [KP05].

Lines|12]to |16/ may appear a little bit unsatisfying as the order of S* /T may be quite
large. However, we can in general not do any better: If ¢; € F for an i € {1,...,s},
then S*¢; C T by definition of F. That means, that in this case we have ujc; € T
for all 1 < j < r, and we need all those elements as uj,¢; # vuj,c; for any choice of
Ji,d2 € {1,...,7r}, j1 # j2, and v € T by construction.

Replacing any “S” by a “I™, we can now use Algorithms and to solve norm
equations in non-maximal orders.

4.2. Solving integral norm equations in algebras

Let a € RN Kj, which implies a € K*, so a # 0. Motivated by the proof of Theorem
2.3] we want to find o € A integral over R with nra = a by finding a number field
K C L C A such that there exists b € L with Ny i (b) = a. By the following lemma it
then holds nrb = a if [L : K] =n.

Lemma 4.10. Let « € A and set L := K(«) with [L : K] =m. Then

nrb = (NL/K(b))
for any b € L. In particular, if m = n, then nrb = Np i (b) for any b € L.
Proof. For b € L we have

3=

Niy(®) = Niyw) (Nipyr(0) = Nicgeyre ()P O

Let f, be the reduced characteristic polynomial of b over K and m; be the minimal
polynomial of b over K. Following the hint of [Rei06|, Exercise 9.1], we show

—n____

— oy [K(O):K]
o= my, :
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Indeed, my, has degree [K(b) : K| and f, is a power of m; of degree n. Now nrb is the
constant term of f, and N )/ (b) is the constant term of my, so

(nrb)™ = (Ng ) k(b)) FOF = Ny (b)".

Finally it holds m | n since n is the degree of the reduced characteristic polynomial of «
which is a power of the minimal polynomial of o whose degree is m as above. O

The proof of Theorem [2.3] constructs an irreducible polynomial f over R by making
heavy use of the approximation theorem and then argues that the primitive element of
the field extension given by f has the desired norm. One then has to embed this field
into A to obtain the respective element of A. It is not at all clear how to make this
feasible in practice. Therefore we will present a different (less elegant) approach to solve
norm equations. The basic idea is to look at many fields and try to combine partial
solutions. That is to say we try to find fields L1,...,L; in A and elements b; € L; such
that nr(by ---b) = a.

There are some pitfalls regarding the choice of these fields one has to avoid, the first
one being the following: If we have «, 8 € A both integral over R, we can in general not
assume that the product af is also integral over R (this holds of course if aff = Sa, see
[Rei06, Corollary 1.11] and also the remark after that for a counterexample). To avoid
this problem we have to make sure that the partial solutions we want to combine (that
is multiply) are always elements of the same maximal order in A.

Another problem comes from the fact, that Theorem [2.3]only guarantees us an integral
element o € A solving nra = a, but we cannot choose a particular maximal order, in
which we would like to find a solution. Also, if we choose an element v € A where A
is a fixed maximal R-order and set L := K () we cannot assume that IntClsy(R) C A.
Slightly changing the proof of [Swa86, Lemma 9.24], we obtain the following existence
result, which will be refined later (see Proposition [4.16]).

Lemma 4.11. Leta € RQKX. Then there exists a mazimal R-order A and an element
a € A fulfilling all of the following properties.

(a) nra = a,
(b) [K(a) : K] =n and
(c) IntClsg o) (R) C A.

Proof. Let f € R[X] be the polynomial constructed in the proof of Theorem Let o
be any root of f in some algebraic closure of K and set L := K(«). Then [L: K] =n
and we may embed L into A as in Theorem Set S := IntClsy(R) and consider
the R-module M := Zil Sw;, where w1, ...,w,2 is a K-basis of A. Then M is finitely
generated and we have KM = A. Hence the left order of M is indeed an order of A
and it holds S C O;(M). By [Rei06, Corollary 10.4], O;(M) is contained in a maximal
R-order A. Thus S C A and in particular o € A. O

For the next algorithm we assume that we have an oracle which returns a maximal
R-order A fulfilling the assertions in Lemma when given an element a € RN Kj.
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Algorithm 4.12 (Integral norm equation in a fixed maximal order).

Input: a € RN KX and a maximal R-order A as in Lemma
Output: o € A with nra = a.
1: Determine the set Sg := {p € P(R) | vp(a) # 0}.
2: Initialize lists £1 and L.
3: Initialize a group G as the trivial group {1} and a map v: G — R* with v(1) := 1.
4: repeat
5: Choose A € A, integral over R, and set L := K () and S := IntClsy (R).
6 if [L:K]#norS¢ZA then
7 continue
8 end if
9: Determine the subset S, := {p € Sg | IP € P(S), P | p and fy, < vp(a)}
10: Find (modulo units) all b € S with vy (Np k(b)) = vp(a) for all p € S} and
Vg (NL/K(b)) = 0 for all primes q ¢ S} using Algorithm

11: for any such b do

12: Append the tuple (S%,b) to L.

13: if there exist elements (S1,b1), ..., (S, b) of £1 such that U§:1 SiUSy =Sk
and S;N S, =0 as well as S; NS; =0 for all 4,5 € {1,...,t}, i # j then

14: Append b- []i_; b; to Lo.

15: end if

16: end for

17: Set G := G x S and extend v by setting v(u) := N, (u) for all u € S*.
18: until a/nr g € v(G) for some € Ls.

19: Let v € G with v(y) = a/nr S.

20: return - 3

Proposition 4.13. Algorithm is correct.

Proof. Let a € RN KX and let A be a maximal R-order as in Lemma Assume the
algorithm terminates with the product - 8, where v(y) = a/nr 3. Then v = g; - - - ¢ for
integral units g; of number fields L;, where [L; : K| = n by line @ Hence Lemma
applies and we have

t
nry = HNL,-/K(%) =v(7).
i=1
It follows nr(y3) = a as required.

It remains to be shown, that the algorithm terminates at all. For this, let & € A be an
element as in Lemma We claim that the algorithm terminates at the latest when
the field K («) is considered in line [5} By construction, this field fulfils the conditions in
line @ Further it holds S% = Sg in line @ We have

Ng(a)/ k()R = H Hpnwfm"’
pESR Plp

for some ny € Z>g analogously to the proof of Lemma Fix any p € Sg. Then there
exists PB* | p with ngp- > 0, so

vp(a) = vy (N (o) (@) =D nopfplp = Fpep-
Llp
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But now we are back in the situation of Section [4.1] as the if-condition in line [13]is
trivially fulfilled. Hence the algorithm finds a solution by the same arguments as in the
proof of Proposition [4.7 O

Remark 4.14. Since we assert with the if-condition in line [6] of Algorithm that
S C A, we can be sure that 8 € A for all § € £, and also v8 € A in line which takes
care of the first problem mentioned above.

The set S in line |§| is chosen to be a subset of S for which we can hope to find a
solution: If p € Sk and fy), > vy(a) for all B lying above p, then there cannot exist an
ideal a < .S with vy (NL/K(CL)) = vy(a), so we do not need to try to find an element with
that property.

The condition [L : K] = n in line[f]is not necessarily needed. If [L : K] = m < n, then
one can restrict the set ST further to only contain primes p € Sg for which 2 | vy(a)
and then search all b € S (modulo units) with v, (Np/x (b)) = Zv,(a) for all p € S, and
vq(Np k(b)) = 0 for all other primes q ¢ S. It then holds

) = vy(a)

by Lemma However, for a unit v € G we require nr+y = v(7), so one should extend
this group in line (17 only if [L : K] = n.

Also the condition S C A in line[f]is not required, if one uses Algorithm [£.§|in line[I0]to
find all solutions in the order R[«]. But the computations in non-maximal orders require
more work than the ones in maximal orders (after all Algorithm calls Algorithm ,
so we decided to be a little more “picky” in the choice of the number fields.

3z

vp(nrb) = vy (NL/K(b)

Unfortunately, we do not have the aforementioned oracle, that means, we do not know
in advance in which maximal order we might find a solution. However, we only need
to look in finitely many maximal R-orders, namely a system of representatives of the
conjugacy classes of maximal orders.

Algorithm 4.15 (Integral norm equation in algebras).
Input: a € RN KZ
Output: An integral element o € A such that nra = a.
1: Compute a system of representatives Aq, ..., A; of the maximal R-orders of A using
Algorithm [3.13]
2: run Algorithm in parallel for each order A; until it terminates for one of these
with an element a.
3: return o

Proposition 4.16. Given a € RN KX, Algorz'thm determines an integral element
o € A with nra = a.

Proof. Let Aq,...,A: be a system of representatives of the maximal R-orders of A. It
only remains to be shown that one of these orders fulfils the assertions in Lemma
The correctness then follows by Proposition [4.13

Let A be a maximal R-order and o« € A an element as in Lemma Then there
exist 3 € Aand i € {1,...,t} with A = BA;371. Let f be the minimal polynomial of
a over K and set L := K(a) as well as S := IntClsz(R) C A. Set o/ := 7 tafB € A;
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and observe that f(a/) = B~ 1f(a)B = 0 as (87 1aB)! = B~ 1a!B for each i € N and
the coefficients of f lie in K. Then L = K(/) and IntClsg o (R) = 57156 and in
conclusion we have nro/ = nr fnranr 87! = @ and IntCls K(a)(R) € A; as claimed. [

4.3. A special algorithm for Chapter 2

We now want to adapt Algorithm to solve the problem arising in Algorithm
Let I be an integral ideal in A with left order A such that nr I = Ra for some a € Kj.
We want to find @ € A such that R(nra) = nr . After all, such an element must exist
since there exists a € A such that I = Aa by Theorem and hence (nra)R = nr [
by Lemma [1.12]

One could of course use Algorithmwith input @ and obtain 8 € A’ with (nr 8)R =
nr I for a maximal order A’. If then A’ # A one has to carry out operations as in the
end of the proof of Theorem Although this is possible, we would prefer to find a
solution directly in the maximal order A.

We now present an adapted version of Algorithm and, after proving its correct-
ness, discuss the reasons for the changes.

Algorithm 4.17 (Integral norm equation — special case for Algorithm [2.11])).

Input: An integral ideal I with left order A such that nr I = Ra for some a € KX.
Output: « € A such that (nra)R =nr 1.
1: Determine the set S := {p € P(R) | vy(nr ) # 0}.
2: Initialize a list L.
3: repeat
4: Choose A € A, integral over R, and set L := K () and S := IntClsy (R).
5: Let m := [L : K. Determine the subset S% := {p € Sg | Zvp(nrI) € Z}.
6 Determine the subset S% := {p € S | IP € P(S), P | p and fo, < Top(nrl)}.
7 if 57, =0 or there already exists an element (T, ¢) € £ with T = S}, then
8 continue
9: end if
10: Using Algorithm with input S% and the valuations Zv,(nrl) for p € Sh
search for an element b € R[a] with vy (Np k(b)) = Zuy(nrl) for all p € S} and
vq(Np k(b)) = 0 for all other primes q ¢ S7,.

11: if such an element b exists then
12: Append the tuple (S%,b) to L.

13: end if

14: until there exist elements (Si,c1),..., (St ¢) of £ such that U§:1 S; = Sk and
SiﬂSj:@fOI‘ all i, € {1,...,t},i# ]

15: return ngl c; for elements c; as in line

Proposition 4.18. Given an integral ideal I with left order A such that nr I = Ra for
some a € Kj{, Algorithm correctly computes an o € A such that (nra)R = nr I.

Proof. Assume the algorithm returns v := Hle ¢; with elements (S1,¢1),..., (S, c) € L
in line where ¢; € L; for field extensions L; of K, 1 < i <t. We have to show that
vp(nr~y) = vp(url) for any p € P(R). For primes p with vy(nrl) = 0 we have p ¢ Sg
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s0 vp (Np, /K (c;)) = 0 for all 1 < i < ¢ and hence vy(nrvy) = 0. So, let p € P(R) with
vp(nr 1) # 0 that is p € Sp. Then there exists exactly one index i € {1,...,t} such that
vp (N, / k(ci)) # 0 by the condition in line Here it holds

vp(nre) = %vp (N, k(ci)) = vp(nr 1)
by Lemma [4.10} where m; := [L; : K|. Hence vy(nr+y) = vp(ur 1) for all primes p € P(R)
as claimed.

It remains to be shown, that the algorithm terminates. By Theorem there exists
a € A with I = Aa, so (nra)R = nr ] by Lemma We claim that Algorithm
terminates at the latest if the field L := K(«) is considered in line [4f Note, that then
S% = Sk as

vp (N k() = %vp(nra) = %Up(l’lf[)

for all p € P(R) by Lemma with m := [L : K]. Then Algorithm called in
line [10| will find an element b € R[a] satisfying the conditions as a € R[a] is such an
element. Hence (S%,b) is appended to £ in line and the algorithm terminates since
the conditions in line |14] are trivially fulfilled (as S% = Sg). O

As announced we now give reason for the differences between Algorithms and
[417 As input of Algorithm we do not need any particular generator a of nr I but
only the valuations of nr I since it suffices to find « € A such that nr«a is a generator
of nr1, so vy(nroa) = vp(nrl) for all p € P(R). This allows us to omit the search for a
unit as in Algorithm and we only need to find any element b € R[a] (and not all of
them) whose norm has the correct valuations in line

In Algorithm [4.17 we do not impose any conditions on the number field L in contrast
to line [6] in Algorithm As already explained in Remark these were mostly
made out of “convenience” in the first algorithm. Although we would like to have
IntClsz,(R) C A, we are unable to proof the correctness of Algorithm it we would
only choose such number fields. To show the correctness of Algorithm we required
that there exists an element fulfilling the conditions of Lemma Translated to the
new problem this would mean to prove that there exists & € A with (nra)R = nr [ and
IntCls g (q)(R) € A. Although we can be sure that there is @ € A with (nra)R =nr/, it
could be the case that the second condition is not fulfilled. For a system of representatives
of the maximal orders A = Ay, ..., Ay we only have IntCls g (o) (R) C BA;B 1 fora B € A*
and i € {1,...,t} as in Proposition[4.16] Given that there are infinitely many elements in
A whose reduced norm generate nr I by multiplying any such element by units of A and
that each of the corresponding integral closures must (after conjugation) be contained
in one of the finitely many representatives A;, one would expect that there exists one
which is contained in A. Still, a proof for this currently eludes us. Hence we have to
search for a solution in R|a] in line [10] instead of the maximal order S in general.
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5. An algorithm for Proposition 2.8

As the title already suggests we now discuss an algorithm which makes Proposition [2.§
constructive. The first section reduces this problem to finding a representative of an
orbit of a certain group action and hence a completely group-theoretical problem, which
we then consider in Section The last section provides a different algorithmic
idea as a starting point for further work on the subject.

5.1. Reducing to a group-theoretical problem

Let I and J be integral ideals with the same left order A, nr I = nrJ and nr I +70 = R,
where r and 0 are as in Proposition We want to find ¥ € A* such that I = Jv.

If we assume for a moment, that we have an algorithm for Proposition (see Al-
gorithm below), the proof of Proposition already tells us, what we need to do.

Algorithm 5.1 (“Transforming unit” as in Proposition .

Input: Integral ideals I and J with left order A such that nr/ =nrJ and nr/+rd =R
(see Proposition [2.8]).
Output: ¥ € A* with I = Jv.

1: 9:=1

2: while nr/ # R do

3: Choose a prime p dividing nr I.

4: Compute maximal integral ideals M and N containing I respectively J and p

using Algorithm

5: Find 9§ € O;(M)* with M = N9 using Algorithm
6: V=09

7 I:=M"1I

8:

J =90 Y (N"LN)D
9: end while
10: return ¥

By Proposition we may compute a factorization of I in the given way. Hence
the correctness of Algorithm is clear by Proposition

We are now left with making Proposition constructive. In the following let M
and N be maximal integral ideals with the same left order A and nt M = nr N = p
where p { rd (see Proposition [2.7). As in the proof of the proposition, we consider A/M
and A/N as modules of A/pA = Mat,(R/p) and obtain mappings ¢ : A — (R/p)" and
Y : A — (R/p)"™ such that ker p = M and kerty = N. This reduces the task to finding
a unit ¥ € A* such that ¥(1) = J¢(1), where ¥ is the image of ¥ under the canonical
projection 7 : A — A/pA.

Here we cannot follow the proof further, as this would mean to construct an element
A as in Lemma But it is not clear how to (practically) embed a splitting field in
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the algebra. Even if this were possible, then one still would have to lift all elements of
GL,(R/p) to A to find an element s as in the proof of Lemma Taking into account
that GLy,(F,) has [[/= (¢" — ¢) ~ ¢"°~" elements, this is surely not feasible in practice
even for small input sizes.

Set v := (1) and w := (1), so clearly v,w € (R/p)"™ \ {0}. It is, of course, no
problem to find a matrix g € GL,(R/p) such that gv = w. But it is far from clear,
whether there exists a preimage of g under the map A* — GL,,(R/p) induced by 7, let
alone how to find such a unit of A Our approach is now as follows: We choose units
V1,...,9 € A* for some k € N and consider the group G := (J1,...,9;) < GL,(R/p)
generated by the residue classes of these units. This group acts naturally on (R/p)"
and w lies in the orbit of v under this action, if we have chosen k big enough as this is
certainly the case for (¢1,...,9%) = A* by Proposition We then have to find an
element g € G with gv = w given by g = [['_, ﬁ;:, where j; € {1,...,k}, e; € Z and
t € N. Then ¢ := []\_, U5 € A* is the searched unit. For this, we need to solve two
problems. The first one is how to find g given GG, v and w. As this is a surprisingly
hard problem and certainly of interest on its own, we dedicated a whole section to it;
see Section [5.2 and in particular Algorithm Here, we discuss the second problem,
being how to find ¥4, ..., Y.

Bley and Johnston [BJ11] present an algorithm, which determines a set of represen-
tatives U C A* of the image of the projection map. However, this algorithm seems not
to be feasible in practice as it requires embedding a splitting field in the algebra (see
[BJ11, Lemma 7.4]). We should also mention that there exist algorithms to compute (a
presentation of) the group A* by Braun et al. [Bra+15] and Page [Pagl4b|, the latter
one being restricted to divison algebras. As we do not require to know the whole group
A and these algorithms appear only to be feasible for small input sizes we are not going
to use them.

Instead, we want to suggest the following approach. Firstly, we can find units of A by
considering rings of type R[a] for an o € A. As R[a] is a subring of A, we obtain units
of A by mapping units of R[a] to A. But R[a] is an order in the number field K(«),
so its group of units can be computed comparatively easy (see [Coh93, Section 4.9] for
maximal orders and [KPO05] for non-maximal orders). Hence, we can generate units of
A by choosing a random element o and computing the units of R|[a].

This leaves us with the question, how many units we need or how to choose k in the
above notation. One could of course start with only one unit ¥; and check, whether
v and w lie in the same orbit under the action of G. If this is not the case, one adds
another unit 99 and so on, thereby minimizing the number of units one needs to compute.
However, it is not clear, how to efficiently add an element in Algorithm [5.5] so many
computations would have to be repeated in each step. Therefore we should try to start
with enough units, that we can hope do find a solution in G. For this a choice of
k > logy(|GL,(R/p)|) proved to be a useful heuristic. This is motivated by the fact,
that any group H can be generated by log,(|H|) elements. Indeed, if hy,...,h,, € H
is a minimal set of generators, then h;+1 ¢ (h1,...,h;) for each 1 <i < m — 1. Hence
|(h1,...,hit1)| > 2[(h1, ..., hi)|, so inductively |[H| > 2™ and log,(|H|) > m. This does,

M1n Section we describe a probabilistic algorithm which occasionally succeeds in constructing such
a preimage.
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however, not mean that any set of logy(|H|) elements generators H, since we require the

set of generators to be minimal. As we choose the units ¥4, ...,9¥; randomly, we can
expect that there are not “too much” dependencies between them, so that G is “almost”
m(AX).

This gives the following algorithm.

Algorithm 5.2 (“Transforming unit” as in Proposition .

Input: Maximal integral ideals M and N with left order A, such that ntr M =nr N =p
and p + 70 = R (see Proposition [2.7).

Output: ¥ € A* with M = N9.

1: Compute the projection 7 : A — A/pA and the isomorphism A/pA = Mat,, (R/p).
2: Find the R/p-isomorphisms ¢ : A/M — (R/p)" and ¢ : A/N — (R/p)".

3: Set v := (1) and w := P(1).

4: Initialize a list L.

5. while |£| < log,(|GL,(R/p)|) do

6: Choose a € A.

7: Compute generators uy, . .., us for Rla]*.

8: Append uy,...,us to L.

9: end while

10: Let £ = {91,...,9%} and set G := (w(1),...,7(I%)) < GL,(R/p).

11: Using Algorithm find ¢ € G with gv = w given by g = Hle m(v¥),)¢ for

jie{l,....k}, e, € Zand t € N.
12: if no such g exists then
13: Generate more units and go to line
14: end if

e
15: return []i_ 1 05

Proposition 5.3. Given mazimal integral ideals M and N with left order A satisfying
the conditions of Proposition[2.7, Algorithm [5.4 correctly computes a unit 9 € A* with
M = N9.

Proof. If the algorithm terminates with an element ¥, then ¥ € A* and 7(9)p(1) = ¢(1)
by construction. It follows M = N4 as in the proof of Proposition

If ¥/ € A* is an element with M = N1, then the algorithm terminates at the latest
when 9’ is chosen in line [6] respectively O

It is of course desirable to keep « or rather the minimal polynomial of « in line [g]
of Algorithm small. Therefore in the implementation we compute an LLL-reduced
Z-basis of A and take linear combinations with small coefficients of these basis elements.

5.2. The action of GL(F,) on F!

This section is concerned with the group-theoretical problem already mentioned above.
We state this in full generality. Let IF, be a finite field and let £ € N. Let g1,...,9m €
GLy(F,) and set G := (g1, ..., gm). Then G acts naturally on IF’; by multiplication from

the left. Let finally v, w € IF"; \ {0}. We want to find g € G explicitly given as a word in

37



the generators g1, ..., g, with gv = w, or decide, that no such g exists, that is, that v
and w do not lie in the same orbit under the action of G.

We now try to give reason why this is a pretty hard problem and then give an al-
gorithm, which works considerably better than a naive enumeration of the orbit.

Since G is a finite group one could apply [But91, Chapter 7, Algorithm 1], which
computes the whole orbit G.v with O(|G.v|m) matrix-vector-multiplications |[But91, p.
58]. However, for G = GLy(F,) we have G.v = IF"q“ \ {0}, so |G.v| = ¢* — 1, which makes
this approach infeasible even for relatively small ¢ and k. One could argue of course,
that one does not have to write down the whole orbit in our situation, but can stop as
soon as one has reached w. Here one can convince oneself that

{h € GLi(F,) [hv=w}| _ 1

= P.
|GLk(Fy)| q* -1

Indeed, one can partition GLg(F,) in the sets M, = {h € GLi(F,) | hv = v'} for
v e F’;\{O} and each of these has the same cardinality as we have a bijection M,y — M,
by multiplying by a matrix h € GLy(F,) with hv' = v for each pair v/,v"” € FF \ {0}.
Hence a randomly chosen uniformly distributed matrix h € GLg(F,) will fulfil hv = w
with probability P. This means, that the expected value of the number of matrices we
have to pick at random until we find a matching one (for the first time) is given by

> : P & : P 1-P 1

ZzP(l—P)’ 1:ﬁzz(1_P)Z:ﬁ?:f:qk_l-

i=1 1=0
Therefore any algorithm which writes down the group G until it finds a matching group
element (in whatever fashion) will have a runtime of at least O(¢¥ — 1) on average, if
not G has some special properties which would change the probability P.

Unfortunately, the author is not aware of any algorithm specialized for matrix groups
which solves the problem faster and algorithms for matrix groups seem to be scarce
in general (see also the introducing words to the short section on matrix groups in
[EHOO05, Section 7.8]). We are now going to present an algorithm which still has a
(provable) runtime of O(¢*) (if G.v = F¥), but is a big improvement in comparison to
just writing down the orbit.

Like in [But91, Chapter 7], we consider the following graph G: The vertices of G are
the elements of ]F’; \ {0} and there is a (directed) edge from a vertex v; to a vertex vg, if
there exists a generator g; with g;v1 = vo. Note that the graph may have parallel edges
and that v; and vy need not be distinct, that is, there may be loops. An example of
such a graph can be seen in Figure where we have G = GLy(F3).

In graph theoretical terms, we are searching for a path from the vertex v to the vertex
w in G and “writing down the orbit” translates to a traversal of the graph, where starting
from v each vertex in the same connected component is explored. The two standard ways
to traverse a graph are depth first search and breadth first search (we refer the reader to
[KN12| Kapitel 7] for basic facts on these algorithms). Both have a linear runtime in the
number of vertices and edges of the connected component of the starting vertex, that is
O(|G.v|m) in our case (as from each vertex in G there are m edges going out). However,
breadth first search has the advantage of producing a path of minimal length by [KN12,
Satz 7.15]. This is preferable since given the path g¢;,,...,gj,, i € {1,...,m}, we need
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1 2
92 g2

Figure 5.1.: The graph G for Fy =F3, k=2, g1 = (3 1) and g2 = ().

to compute the product gj, - - - gj,. Especially in light of our application in Section
we would appreciate it, if this product were as “short” as possible.

For later reference, we state our version of breadth first search as an algorithm. The
pseudo code is inspired by [KN12, Algorithmus 7.5].

Algorithm 5.4 (Orbit inclusion test — plain BFS).
Input: A group G := (g1,...,9m) < GLi(F,) and vectors v, w € F’; \ {0}.
Output: Indices ji,...,j5: € {1,...,m} with (HEZ1 gj)v=wif w e G.v.

1: if v = w then

2: return the empty sequence ().

3: end if

4: Initialize a queue Q := {v} and a dictionary D with D(v) = ().
5: while Q # () do

6: Remove an element u from Q whose entry D(u) has minimal length.
7: forie{l,...,m} do

8: u = giu

9: if D(u') exists then

10: continue

11: end if

12: if «' = w then

13: return (i, D(u))

14: end if

15: D) := (i, D(u))

16: Q:=QuU{u'}

17: end for

18: end while
19: w is not an element of G.v.

Carrying out a traversal on G one obtains a tree, whose vertices are the elements of
G.v and in which there is an edge g; from vy to v if one explored vs coming from wv;
using the edge g; in G. See Figure for the search tree coming from a traversal on the
graph in Figure Interestingly the tree is the same for depth first search and breadth
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Figure 5.2.: The search tree of a depth or breadth first search on the graph in Figure
starting in (2).

first search. However, depth first search always (recursively) explores all children of a
vertex, starting with the leftmost, whereas breadth first search traverses the tree level
per level.

The “usual” strategy to optimize Algorithm [5.4] is to “prune” the search tree, see
[EHOO05, Section 4.6], that means to find a property @ for which one can prove, that if
a vertex v fulfilling @ is added to the tree, then one need not explore the neighbours of
u since none of the possible children of u in the search tree can be w. However, in our
situation, it appears that such a property @) does not exist (without imposing further
requirements on G), since for any u € ]F]; \ {0} there exists g € GL;(F,) with gu = w.
So, in whatever vertex we are in the search tree it might be possible that we find w as
a child.

In short, the algorithm, which we want to present, nevertheless prunes the search tree,
but only in a first run. If w is not found in this first run, the algorithm falls back to
plain breadth first search.

For the pruning, we introduce a weight function | - | : F’; — Z> in the following way.
Let [F,, p prime, be the prime field of F, and [F, : F,] = I. Then we can write each A € F,
as A = Zﬁ;(l) M\ia' where a is a primitive element of F, over F, and \; € F),. Identifying
F, with Z/pZ we may assume \; € Z and 0 < \; < p— 1. This gives a bijection (of sets)

fa:Fy—={0,...,p—1}Faf]

which clearly depends on the choice of a. This dependence is, however, not important
for the following arguments. The weight |[A| of a A € F, is now defined to be |A| :=
Zi’:1(fa(>‘))i- One directly sees that |A| > 0 for all A € F, and |A| = 0 if and only
if \ = 0. We finally extend |- | on F} by setting |u| := 21?21 |us| where u € FF with
u = (u,...,ur). We have |u| > 0 and |u| = 0 if and only if v = 0.

The pruning is then done in the following way: If we are in a vertex u and consider an
edge g during the algorithm, we only explore gu if |gu — w| < |u — w|. In Figure one
can see the tree from Figure 5.2 with pruning with respect to two different target vertices
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Figure 5.3.: Pruned versions of the tree in Figure

w. The numbers in the squares indicate the weights of the vertices. In Figure [5.3a] the
pruning is successful: one avoids exploring two vertices in the left branch. Figure [5.3b
shows, that this will not always work. Here, we have no chance to find w any more.

In practice, it turned out, that depth first search is much faster than breadth first
search during the “pruning phase” of our algorithm. A reason for this might be that
breadth first search always explores all vertices of distance one to v, then all the ones
of distance two, and so on. If w has distance d then one has to write down all vertices
of shorter distance 1,...,d — 1 and the pruning does not seem to help much here. In
contrast, depth first search with pruning resembles a random walk on the graph, so the
actual distance of w to v does not play such a big role. Also, the pruning makes long
paths very unlikely, so breadth first search has no advantage any more.

Speaking of random walks, we should also mention that we considered carrying out a
depth first search where the search tree is pruned at random. But this did not perform
as well as the pruning with the weight function does.

This yields the following algorithm which is mostly depth first search.

Algorithm 5.5 (Orbit inclusion test).
Input: A group G := (g1,...,9m) < GLi(F,) and vectors v, w € F’; \ {0}.
Output: Indices ji,...,J5: € {1,...,m} with (H§:1 gj)v=wif w e G.v.
if v =w then
return the empty sequence ().
end if
Initialize a dictionary D with D(v) := 0 and an empty sequence P := ().
ui=v
while |u —w| # 0 do
Find the minimal index j € {D(u) + 1,...,m} such that D(g;u) does not exist
and |gju —w| < Ju — w|.
if j exists then
: D(u) :=j
10: D(gju) =0

© ®
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11: P:=(4,P)

12: U = g;u

13: else

14: if |P| =0 then

15: Pruning failed: Use Algorithm
16: end if

17: Remove the first entry j of P.

18: U= g;lu

19: end if

20: end while
21: return P

Proposition 5.6. Algorithm[5.5 is correct.

Proof. Any solution returned by Algorithm is correct since if the while-loop termin-
ates, then |u —w| =0, so u = w.

If the pruning is not successful, Algorithm is called, which is correct by the above
discussion. O

If |P| = 0 in line then the algorithm is back at the starting vertex and has no
edges left to test. In a normal depth first search, this would mean that the algorithm has
explored the whole connected component of the starting vertex. But here this might not
be the case as Figure illustrates. Hence we have to fall back to a provable correct
algorithm.

To avoid situations as in Figure[5.3b] one may add more edges to the graph to overcome
“local maxima”. In the implementation we add all products g;g; for 1 < ¢,57 < m and
9i9;9r for 1 < 4,7,k < m dynamically, that is, “a few” new edges whenever we reach
|P| = 0.

One might attempt to cache information so that the breadth first search started in line
does not have to start from scratch. However, one would have to cache all vertices,
at which the algorithm did not explore further (pruned the tree). This quickly requires
huge memory resources.

The algorithm explores only few vertices (in comparison to Algorithm and needs
little memory accordingly.

5.3. Another approach to Proposition 2.7|

The previous section is surely the most unsatisfying part of this thesis, both from a
theoretical and a practical point of view. To conclude the thesis, we want to present
another approach to making Proposition constructive, that is, an algorithm which
could be used instead of Algorithm and which does not rely on Algorithm [5.5
Although this algorithm turned out to be not as efficient as Algorithm in practice,
we still like the idea behind it and expect that there is a certain potential of optimization.
As this section is only meant to present an idea, it is more “sketchy” then the previous
ones.

We now give the algorithm and then discuss some starting points for improvements.
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Algorithm 5.7 (“Transforming unit” as in Proposition — alternative approach).

Input: Maximal integral ideals M and N with left order A, such that nt M =nr N =p
and p + 70 = R (see Proposition [2.7).

Output: ¥ € A* with M = N9.

1: Carry out lines[I] to [3| of Algorithm [5.2] resulting in vectors v, w € (R/p)"™ \ {0}.
2: Choose any g € GL,,(R/p) with gv = w and choose any lift « of g in A.

3: Set L := K(«) and S := IntClsy(R).

4: if S € A then

5: go to line

6: end if

T

Compute the ideal a := S N pA and the group (S/a)*. Denote the reduction of «
modulo a by @.

if @ ¢ (S/a)* then

:  go to line

10: end if

11: Compute the group S* and the canonical map 7 : S* — (S/a)*
12: if @ ¢ 7(S*) then

13: go to line

14: end if

15: Choose any u € S* with w(u) = @.

16: return u

© ®

The correctness of the algorithm is clear: If it returns an element v € S* C A* coming
from a field extension K(«), then © = o mod pA NS, so u = a mod pA. Hence u is
another preimage of g in line [2l Further, the algorithm terminates at the latest, when
« itself is a unit of A.

This is, of course, a purely theoretical argument. In practice we had the impression,
that the number of different fields one needs to consider lies in O(p), where p is the
characteristic of R/p.

Although, this would result in an encouraging probability of success there are two
simple reasons why we have chosen Algorithm in favour of Algorithm

(a) Algorithm [5.2|is in general faster.
(b) The element returned by Algorithm [5.2|is in general smaller.

However, we have hope that Algorithm can be improved regarding both points.
A major part of the runtime of the algorithm is used for the computation of the unit
group S* in line This is not a surprise as the computation of unit groups is not an
easy problem and the algorithm has to compute such a group for almost every field since
it appears to rarely go back to line [2] from line [5 or [0] Therefore it seems worthwhile
to try to improve the performance of lines to in light of problem @ A point
of improvement would be to choose a representative of @ modulo pA with a minimal
polynomial with particularly small coefficients. Further, one does not need to compute
the whole unit group but only a subgroup H < S* such that 7(H) = x(S*). In fact,
even this is in principle not needed, as one only needs to decide whether @ € 7(S™).

In comparison to the orbit length in Section

43



These ideas could also be ways to remedy problem @ If one can find a “nice”
subgroup H of S*, then its generators may be smaller, resulting in a smaller element wu.
Another very standard way to at least circumvent problem @ is to compute u in

a factorized form, that is as a product of (comparatively) small factors. As far as
Algorithm is concerned there is nothing to change to do this, as the algorithm is
done as soon as it finds u. If Algorithm is called by Algorithm we suggest the
following adjustments in the latter algorithm. At the start of any iteration of the for-
loop of Algorithm let J be given by an R-generating system, that is J = Zle Ray,
where a; € A and k € N. Here, a1, ...,a; may be represented in factorized form. Use
the elements «; as input for Algorithm [3.10] called in line[4] In this algorithm one maps
these to a finite algebra where it is no problem to compute the actual elements from
the product representations and to compute a maximal integral ideal N containing J.
Let now ¥ be the element returned by Algorithm |5 . in line |5| of Algorithm |5 u and let
Zz 1 RB;, where 3; € A, 1 € N. Then the product in line (8 of Algorithm |5.1]is

given by
I7INT ) = ZZR 1 Bia;0)

=1 j=1

so one obtains again an R-generating system of the ideal J of the next iteration.
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Appendix

A. Computing maximal ideals in matrix algebras

In this section we discuss the analogue of Section [3.2] for matrix algebras over a field. Let
F be any field and set B := Maty(F) for a k € N. Especially for algorithmic purposes,
we fix an F-basis of B as follows: Let E;; = (ey j/)y y for fixed 1 < 4,5 < k be the
element of B with

1, i=17and j=j,
€l 4t = .
0, otherwise.

Then {E11,FE12,...,Eg} is clearly an F-basis of B. One immediately sees that

E, ., j=1
EiJEi,’jI _ 2,77 J ) '
0, otherwise.

and Ei,i = i,lEl,lEl,i for all i, i/,j,j/ S {1, ce ,k‘}
Before we start to consider maximal ideals we need the following proposition whose
proof is inspired by [BW09, Lemma 4.1].

Proposition A.1. Every left ideal of B is a principal ideal.

Proof. Let I C B be a left ideal. Let furthermore vy, ..., vy, be a F-basis for Fy 1. Set
=" FE;i1v; € I. We claim Bz = 1.

Indeed, we clearly have Bz C I, as x € I. On the other hand, it holds I = 11 C
Ei11l + -+ EiI. We have

Ei;l = Ei1Ey 1Bl C Ei Byl = (Ejqvy, ... 7Ei,17)m>Fa
for all i € {1,...,k}, so
k
IC Z (Ejqv1, .. '7Ei,lvm>F-
i=1

Finally it holds E; jx = Ej; 1vj;, hence F; jv; € Br for all 1 <i <k and 1 < j <m and
therefore I C Bzx. O

We can easily extract an algorithm from the previous proof.

Algorithm A.2 (Principal generator of a left ideal).
Input: A left ideal I in a matrix algebra B = Maty(F).
Output: x € I such that I = Bz.

1: Compute an F-basis vy, ..., vy, for By 11.

2: return Y ;" E;jv;
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The maximal left ideals of B can be characterized in the following way.

Lemma A.3. Let x € B and [ := Bx. Thenrtkx =k — 1 if and only if I is a mazimal
left ideal of B.

Proof. Let x; be the i-th row of . As an F-vector space, I is generated by E; ;x
for all 1 < 4,57 < k, which are the matrices with z; in the i-th row. We now con-
sider these matrices as vectors in F*’ by mapping a matrix (y;;)i; to the vector
(Y1,1, 1,2, - Y21, - - -, Yk, k). By writing these vectors in the order

Eivq @, Eipx,. .., Eoqx,. .., By o
in the rows of a k% x k? matrix we obtain
M = diag(z, x, ..., ).

The span of the rows of M is isomorphic to I as F-vector spaces and one directly sees
tk M = krkz, so dimp I = krkz. The maximality of I is equivalent to B/I being a
simple module. Combining [Boub8|, §5, Proposition 11] and [Boub8, §5, Théoreme 2],
each simple module of B has F-dimension k, so I is maximal if and only if dimp I =
k(k —1). Therefore I is maximal if and only if rkx =k — 1. O

Remark A.4. By Lemma one can construct a maximal left ideal of B by choosing
any matrix of rank k£ — 1, e. g. diag(1,...,1,0), as generator.

Lemma is also helpful in the following problem: Given a left ideal I of B, find a
maximal left ideal J containing I. This is solved by the following algorithm.

Algorithm A.5 (Maximal ideal containing a given ideal).

Input: A left ideal I in a matrix algebra B = Maty(F).
Output: A maximal left ideal J in B with I C J.
: Use Algorithm to find x € I with Bz = I.
Compute a row reduced echelon form Z of x and set r := rkx.
while r < £ —1 do
Find a column j of # without a pivot
Find a row ¢ of Z containing only zeros.
Set 2: =2+ E;j and r:=r+ 1.
end while
return BT

Lemma A.6. Given a left ideal I, Algorithm [A.5 correctly computes a mazimal left
ideal J with I C J.

Proof. By construction, & will have rank & — 1 at the end of the while-loop. Then
J := B is maximal by Lemma [A-3]

Let now I = Bx and T be the row reduced echelon form of x. We have to show
that I C B at any point of the algorithm. Before the start of the while-loop it holds

M That is a column in which no non-zero entry is the leftmost non-zero entry of its row, if the row
reduced echelon form is “upper right”.
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Bx = BZ since T = ux for a matrix u € GLi(F) = B*. Consider now any iteration of
the while-loop and assume that I C BZ at the beginning of this iteration. Let (i,j) be
a tuple chosen in lines [4] and [5| As in the proof of Lemma Bz is generated as an
F-vector space by the matrices Ey & for 1 <4, j" < k. We have

Eij(Z + Eij) = By jr&
whenever j' # i and in case j' = i it holds
Ey j(Z + E; j) = Eyr
since the i-th row of & was chosen to be zero, so Ey 2 = 0. This means that
B(Z + E;j) = BT + BE;

as vector spaces, so clearly I C Bz C B(z + E; ;). O

B. Quotients of modules over Dedekind rings

This section is mostly a translation of (unpublished) notes by Dr. Tommy Hofmann.

Let R # K be a Dedekind ring with quotient field K and p a prime ideal in R with
residue field k = R/p and let p : R — k be the canonical projection. Let M and N be
finitely generated torsion-free R-modules with pM C N C M. We want to find a k-basis
of the module M/N

By |CR62, Theorem 22.12], we can write M = @le a;m; and N = @le b;n; with a;
and b; fractional ideals of R, m; € KM and n; € KN for all 1 <14 < k, where k € N.
As N C M, there exist b;; € a; with n; = Y, bym; for all 1 < i,j < k. This yields
the matrix B := (b;;);,; € Maty(K) and the basis pseudo-matrix of N:

by fbi1 - bik

B:= :1: :
b \bk1 -+ bk

We may assume that B is a lower-left triangular matrix, since we can compute a pseudo

Hermite Normal Form of B (see [Coh00, Section 1.4]). Note that this matrix has rank

k, since pM C N.

Set I:={ie{l,....k} ! vp(biz) > 0} and [ := |1].
Free modules

At first we assume that M and N are free modules, that is a; = R and b; = R for all
1 <@ < k. This implies b;; € R for 1 <14, j < k. Then the situation is quite simple:

Theorem B.1. The tuple (m;)icr is a k-basis of M/N.

Proof. Since we have M = @le Rm; and N = EBf:l Rn; as R-modules, we also have
M = @F  km; and N = @F_| kn; as k-vector spaces. Now p(b;;) = 0 if and only if
1 € I. Therefore the claim follows by basic linear algebra. O

(2)More exactly: We view M and N and hence M/N as k-modules via restriction of scalars with respect
to the map p.
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For algorithmic purposes we are also interested in an R-linear map f : M — &', which
factors through M/N. We construct such a map as follows. The first step is to write
veEMasv=7,.;am;+w for some w € N and a; € R. For this, let v = Zle Tim;
with z; € Rand fixa j € {1,...,k}\ I. Now p(bj;) # 0, so there exists ¢; € R such that
p(bjjcj) =1 and then p(z;) — p(x;jbjjcj) = 0. So we can reduce the coefficients x1, ...,z
with the rows of B for each j € {1,...,k}\ I (sorting the indices in decreasing order by
size, if B is lower-left triangular) and obtain a representation

U:Zaimi+zaimi+w

i€l i¢l
for some w € N and a; € R such that vy(a;) > 0 for i ¢ I. But pM C N, so a;m; € N
for i ¢ I, that is, we have w := Zzy a;m; +w € N,sov = Zzel a;m; +w as claimed.

We then set f(v) := > .. aise;, where (e;)icr is some basis of k!. We now also construct
a section s for f. By abuse of notation let p~! be any section of p. We obtain a section

of f by setting
skl = M, Z)‘iei > Zp_l()\i)mi.
iel i€l

By Theorem it is clear, that f factors through M/N.

General case
We now return to the general case, where M and N are not free over R. The key idea
is to consider the localization at p. Recall that kK = R/p = R, /pR, and M, /N, = M /N,
as pM C N.

We assume that vy(a;) = 0 = v,(b;) for all 1 <4 < n. This can be achieved as follows:
Let 7 € p be an element with vy(7) = 1 and let v; := vp(a;). Set a; := 7 "a; and
m; = 7¥m;. Then it holds vy(a;) = 0 and

k k k
M = @ a;m; = @ a;m Viwlim; = @ a;m;.
i=1 i=1 i=1

So we may choose (a;,M;)1<i<k as pseudo basis for M. By analogously scaling the pseudo
basis for N, we obtain the desired valuations. This now means that (R \ p)~la; = R,
and (R\ p)~'b; = R, for all 1 <i < k and we have well-defined images of the entries of
B in k, as these entries lie in the coeflicient ideals a;.

Theorem B.2. The elements (m;)icr form a k-basis of My/N, = M/N.

Proof. From the definition of M we obtain

k

M, = @(R\p a;m; = GBRPmz

=1

for the localization. Analogously, we have N, = @le Ryn; and therefore M and N are
free Ry-modules. Now the claim follows with Theorem O
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As in the case of free modules, we want to construct a map f : M — &', which factors
through M/N for | = |I|, and a section s of f. For v € M we obtain a representation
v =) ;craim; +w with a; € Ry and w € N, by reducing v with the j-th row of B for
j€{l,...,n} \ I as before. Then we may set f(v) = > ,.; p(ai)e;, where p: Ry — & is
the canonical projection.

For the construction of a section we have to take more care as in the case of free
modules: For ), \ie; € k! we cannot just choose any preimages a; = p~'()\;) € R, as
a; might not be an element of the coefficient ideal a;. Therefore we choose for each 7 €
an element o; € a; with vy(y) =0, so p(a;) # 0 in k, and define

skl = M, Z)\ ep—)Zp A)p (Oéi)fl)aimi,
iel el

where we implicitly consider the «; as elements of R,. Then 5( D ier )\iei) is indeed an
element of M, since p~1()\;)p~! (ﬁ(ai)*l) € R and o; € a;. Clearly s is a section of f as

f(s(Z)\ieZ))— <Zp Xi)p~ (cuZ azmz> z:/\z,oaZ -15 pla)e; = Z)\ez,
i€l el i€l

since p|r = p.

C. S-units and unit groups of Dedekind rings

Let, as always, K be an algebraic number field and R # K a Dedekind ring with quotient
field K. Let S be a (possibly infinite) set of places of K containing all infinite places.
Extending the definition of S-units in [Neu07] to infinite sets we set

5= {z € K* | vy(x) = 0 for all places p ¢ S},

which is clearly a multiplicative group.

Write Ok for the integral closure of Z in K, so R is a localization of Ok by [Swa86,
Proposition A21]. Let T be the set of places of K which do not correspond to a prime
ideal of R. Note that the cardinality of T" might be infinite, e. g., if R is the localization
of Ok at one prime ideal. The aim of this section is to prove

KSRUT/RX ~ Z‘SRI

for any finite set Sg C P(R), where we always identify prime ideals of R respectively
Ok with places of K.
We need two preliminary results.

Lemma C.1. It holds R* = KT.
Proof. By choice of T' it holds

={z € K* | vy(xz) =0 for all p € P(R)}.
For r € K, we then have the following chain of equivalences:

re R <= rR=R<=vy(r)=0foralpecP(R)«=recKk”. O
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Lemma C.2. Let Sp C P(R) be a finite set and set S := Sgp UT. Then it holds
KS/R* = 7" for some r € Z>q with r < |Sg|.

Proof. Write Sg = {p1,...,pr}, so |Sgr| = k, and consider the map
0: K = 7F 2 (v, (), ..., 0p,(2)),

which is clearly a homomorphism of groups.

We claim kerp = KT. Indeed, if z € KT, then vy(x) = 0 for all p € P(R), so in
particular v, () = 0 for all 1 <4 < k which implies « € ker . On the other hand, if
x € ker ¢, then vy, () = 0 for all 1 < i < k. But also vy(z) = 0 for all p € P(R) \ Sk,
since z € K%, sox € KT.

By Lemma we hence have ker p = R*, so there is an injection

KS/R* — ZF,

which implies that K* /R* is isomorphic to a subgroup of ZF. Each subgroup of the
free abelian group ZF is itself a free abelian group of smaller or equal rank by [Lan02,
Theorem 1.7.3]. Hence K°/R* = Z" for some 0 < r < k as claimed. O

We are now ready to prove the main result.
Theorem C.3. For any finite set Sg C P(R) it holds K°rYT | R* = 7/9x],

Proof. There exists a set of prime ideals Sp,, C P(Ok) corresponding to Sg, since prime
ideals of the localization R correspond to prime ideals of Ok via contraction with respect
to the canonical inclusion map Ok < R. This means, that the prime ideals in Sp, and
in Sr correspond to the same finite places of K.
Let S be the set of infinite places of K and note that S, C 1. Set S := SpUT and
S":= 80, USe. The arguments are now quite similar to the ones in Lemma
Consider the group homomorphism

v:KY - KS/R*, z 7,

where we denote the residue class of the reduction of z modulo R* by . This is a
well-defined map, since, considered as sets of places of K, we have S’ C S and therefore
K% < K%,

We claim ker¢) = Oj. Indeed, if x € O, then x € K%< by Lemma sox e KT,
since Sy C T. Hence 1)(z) = 1 since R* = KT by Lemma again. If z € kert, then
z € KT, which means vy(z) = 0 for all finite places p of K not in 7. But we also have
z € K%, 50 vy(x) = 0 for all finite places p of K not in So,. Since Sp, and T are
disjoint by construction it follows z € K 5= = Or.

Hence there is an injection

K% )O% — K%/R*,

and K /Oj is isomorphic to a subgroup of Z" with » < k by Lemma where
k = |Sk| = |50k
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But by [Neu07, Korollar 1.11.7] and [Neu07, Theorem 1.7.4], we have
S’ ~ 7k
KS' JO% = 7F,
Therefore we must have r = k by [Lan02, Theorem 1.7.3] and thus
KS/RX o~ Zk,

which finishes the proof.

o1






Bibliography

[Ass+17]

[Bez+17]

[BHZ08]

[BJ11]

[Boub8]

[Bra+15]

[But91]

[BWO09)]

[Coh00]

[Coh93]

[CR62]

[CRS1]

[Ebes9]

Benjamin Assarf, Ewgenij Gawrilow, Katrin Herr, Michael Joswig, Benjamin
Lorenz, Andreas Paffenholz and Thomas Rehn. ‘Computing convex hulls and
counting integer points with polymake’. In: Math. Program. Comput. 9.1
(2017), pp. 1-38.

Jeff Bezanson, Alan Edelman, Stefan Karpinski and Viral B. Shah. ‘Julia:
A Fresh Approach to Numerical Computing’. In: Siam Review 59 (2017),
pp. 65-98.

Roberto Bagnara, Patricia M. Hill and Enea Zaffanella. ‘The Parma Poly-
hedra Library: Toward a Complete Set of Numerical Abstractions for the
Analysis and Verification of Hardware and Software Systems’. In: Science of
Computer Programming 72.1-2 (2008), pp. 3-21.

Werner Bley and Henri Johnston. ‘Computing generators of free modules over
orders in group algebras II’. In: Math. Comp. 80.276 (2011), pp. 2411-2434.

Nicolas Bourbaki. Algébre. Modules et anneaux semi-simples. Chapitre 8.
Paris: Hermann, 1958.

Oliver Braun, Renaud Coulangeon, Gabriele Nebe and Sebastian Schonnen-
beck. ‘Computing in arithmetic groups with Voronoi’s algorithm’. In: Journal
of Algebra 435 (2015), pp. 263-285.

Gregory Butler. Fundamental Algorithms for Permutation Groups. Vol. 559.
Lecture Notes in Computer Science. Berlin, Heidelberg, New York: Springer-
Verlag, 1991.

Werner Bley and Stephen M. J. Wilson. ‘Computations in relative algebraic
K-groups’. In: LMS J. Comput. Math. 12 (2009), pp. 166-194.

Henri Cohen. Advanced Topics in Computational Number Theory. Vol. 193.
Graduate Texts in Mathematics. Berlin, Heidelberg, New York: Springer-
Verlag, 2000.

Henri Cohen. A Course in Computational Algebraic Number Theory. Vol. 138.
Graduate Texts in Mathematics. Berlin, Heidelberg, New York: Springer-
Verlag, 1993.

Charles W. Curtis and Irving Reiner. Representation Theory of Finite Groups
and Associative Algebras. New York: John Wiley & Sons (Interscience), 1962.

Charles W. Curtis and Irving Reiner. Methods of representation theory — with
applications to finite groups and orders. Vol. 1. New York: John Wiley & Sons
(Interscience), 1981.

Wayne Eberly. ‘Computations for Algebras and Group Representations’.
PhD thesis. University of Toronto, 1989.

53



[EHOO5]

[Eic37]

[Fie+17]

[Fri00]

[GJOO]

[HI18]

[Hop98]

[Kirl7]
[KN12]
[KPOS]

[KV10]

[Lan02]
[Nar04]
[Neu07]
[Neul5]

[NS09)]

o4

Bettina Eick, Derek F. Holt and Eamonn A. O’Brien. Handbook of Com-
putational Group Theory. Discrete mathematics and its applications. Boca
Raton: Chapman & Hall/CRC, 2005.

Martin Eichler. ‘Bestimmung der Idealklassenzahl in gewissen normalen ein-
fachen Algebren’. In: Journ. fir r. u. a. Math. 176 (1937), pp. 192-202.

Claus Fieker, William Hart, Tommy Hofmann and Fredrik Johansson.
‘Nemo,/ Hecke: Computer Algebra and Number Theory Packages for the
Julia Programming Language’. In: Proceedings of the 2017 ACM on Interna-
tional Symposium on Symbolic and Algebraic Computation. ISSAC '17. New
York, NY, USA: ACM, 2017, pp. 157-164.

Carsten Friedrichs. ‘Berechnung von Maximalordnungen iiber Dedekind-
ringen’. PhD thesis. Technische Universitat Berlin, 2000.

Ewgenij Gawrilow and Michael Joswig. ‘polymake: a framework for analyzing
convex polytopes’. In: Polytopes — combinatorics and computation (Ober-
wolfach, 1997). Vol. 29. DMV Sem. Birkhauser, Basel, 2000, pp. 43-73.

Tommy Hofmann and Henri Johnston. ‘Computing isomorphisms between
lattices’. Preprint available at https://www.mathematik .uni-k1.de/
~thofmann/publications.html. 2018.

Andreas Hoppe. ‘Normal forms over Dedekind domains, efficient implemen-
tation in the computer algebra system KANT’. PhD thesis. Technische Uni-
versitat Berlin, 1998.

Markus Kirschmer. Arithmetik. Aachen: Lecture notes, 2017.

Sven O. Krumke and Hartmut Noltemeier. Graphentheoretische Konzepte
und Algorithmen. Third edition. Leitfaden der Informatik. Wiesbaden:
Springer Vieweg, 2012.

Jirgen Kliiners and Sebastian Pauli. ‘Computing residue class rings and Pi-
card groups of orders’. In: Journal of Algebra 292 (2005), pp. 47-64.

Markus Kirschmer and John Voight. ‘Algorithmic enumeration of ideal
classes for quaternion orders’. In: STAM J. Comput. 39.5 (2010), pp. 1714~
1747.

Serge Lang. Algebra. Vol. 211. Graduate Texts in Mathematics. New York,
Berlin, Heidelberg: Springer-Verlag, 2002.

Wiadystaw Narkiewicz. Elementary and Analytic Theory of Algebraic Num-
bers. Third edition. Berlin, Heidelberg, New York: Springer-Verlag, 2004.

Jiirgen Neukirch. Algebraische Zahlentheorie. Berlin, Heidelberg, New York:
Springer-Verlag, 2007.

Jurgen Neukirch. Klassenkorpertheorie. Fourth edition. Berlin, Heidelberg,
New York: Springer-Verlag, 2015.

Gabriele Nebe and Allan Steel. ‘Recognition of Division Algebras’. In: Journal
of Algebra 322.3 (2009), pp. 903-909.


https://www.mathematik.uni-kl.de/~thofmann/publications.html
https://www.mathematik.uni-kl.de/~thofmann/publications.html

[Pagl4al

[Pagl4b]
[Par84]
[Rei06]

[Swa86]

Aurel Page. ‘An algorithm for the principal ideal problem in indefinite qua-
ternion algebras’. In: LMS J. Comput. Math. 17 (Special issue A 2014),
pp. 366-384.

Aurel Page. ‘Méthodes explicites pour les groupes arithmétiques’. PhD thesis.
Université de Bordeaux, 2014.

Richard A. Parker. ‘The computer calculation of modular characters (the
meat-axe)’. In: Computational group theory (1984), pp. 267-274.

Irving Reiner. Maxzimal Orders. Vol. 28. London Mathematical Society Mono-
graphs New Series. Oxford: Oxford University Press, 2006.

Richard G. Swan. K-Theory of Finite Groups and Orders. Second edition.
Vol. 149. Lecture Notes in Mathematics. Berlin, Heidelberg, New York:
Springer-Verlag, 1986.

55






I hereby declare that I wrote this thesis on my own and did not use any references or
resources other than the named ones.

Ich erklare hiermit, dass ich diese Arbeit selbst verfasst habe und aufler den an-
gegebenen keine weiteren Hilfsmittel oder Quellen genutzt habe.

Kaiserslautern, 23rd October 2019

Johannes Schmitt



	Symbols and notation
	Introduction
	Definitions and basic theory
	Norms of elements
	Orders
	Ideals
	Norms of ideals

	The Theorems of Eichler
	Eichler condition and Eichler's Norm-Theorem
	The Theorem of Eichler

	Algorithms for ideals
	Integral and coprime representatives of ideal classes
	Computing maximal ideals
	Computing a system of representatives of the maximal orders
	Factorizing ideals

	Integral norm equations
	Solving integral norm equations in number fields
	Solving integral norm equations in algebras
	A special algorithm for Chapter 2

	An algorithm for Proposition 2.8
	Reducing to a group-theoretical problem
	The action of GLk(Fq) on Fqk
	Another approach to Proposition 2.7

	Appendix
	Computing maximal ideals in matrix algebras
	Quotients of modules over Dedekind rings
	S-units and unit groups of Dedekind rings

	Bibliography

