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. Quotient singularities -

Let V be a C-vector space, dim(V) < oo, and G < SL(V) a finite
group.
The affine variety V /G = Spec C[V]C is the linear quotient of V
by G.

Example

Kleinian surface singularities (ADE, Du Val, ...): quotients C?/G
with G < SL,(C).

For G <SL(V), V/G is singular and Gorenstein.

| am interested in birational models X — V/G with Kx =0
(Q-factorial terminalizations).

For Kleinian singularities, the minimal resolution is a Q-factorial
terminalization.
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One can recover X from the Cox ring R(X) via variation of GIT
quotient (but that is not for today).

Assume that CI(X) is free. The Cox ring of X is the algebra

R(X)= @B T(X,0x(D)).

[D]eCI(X)

Example
R(P") = C[xo, .. ., xn] with the standard grading.

To get closer to X, let us compute R(X) (without knowing X!).



. How to compute R(X)




. How to compute R(X) -

Grab, 2019: There is an injective graded morphism

0 : R(X) — C[V]I®Cl o¢ C[CI(X)free].



. How to compute R(X) -

Grab, 2019: There is an injective graded morphism
0 : R(X) — C[V]I®Cl o¢ C[CI(X)free].

Ito—Reid, 1996: G yields valuations vi, ..., vy, on C[V] (— McKay
correspondence).



. How to compute R(X) -

Grab, 2019: There is an injective graded morphism
0 : R(X) — C[V]I®Cl o¢ C[CI(X)free].

Ito—Reid, 1996: G yields valuations vi, ..., vy, on C[V] (— McKay
correspondence).

Yamagishi, 2018; Grab, 2019: Using v1, ..., v, one can ‘cook up’
generators of R(X) from generators of C[V][¢:C].



. How to compute R(X) -

Grab, 2019: There is an injective graded morphism
0 : R(X) — C[V]I®Cl o¢ C[CI(X)free].

Ito—Reid, 1996: G yields valuations vi, ..., vy, on C[V] (— McKay
correspondence).

Yamagishi, 2018; Grab, 2019: Using v1, ..., v, one can ‘cook up’
generators of R(X) from generators of C[V][¢:C].

Yamagishi (2018) gives an algorithm to compute R(X).
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Let K be a field and B a finitely generated K-algebra and domain.
Let v: B\ {0} — Z be a valuation over K.

We have a filtration F, = (F,>,),ez on B via

Fozz ={f € B\ {0} | v(f) > z} U{0}.

This gives the associated graded algebra

grv(B) = @ Fsz/Fv>z-

z€ZL

For f € B\ {0} with v(f) = z, write in,(f) € gr,(B) for the
residue class of f in Fy>,/Fy,>.
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. Homogeneous Khovanskii bases -

Let A < B be a finitely generated K-algebra.
Let A be graded by a finitely generated abelian group A.

For f € A\ {0} homogeneous of degree degp(f) =d € A, write

in2(F) =in,(f) @ € gr,(B) @k KA.
Write
in2(A) < gr,(B) @k KA
for the algebra generated by all in2(f) with f € A\ {0}

homogeneous.
Homogeneous Khovanskii basis

A set G C A of A-homogeneous K-algebra generators is a
A-homogeneous Khovanskii basis of A with respect to v, if the
set {in2(f) | f € G} generates in2(A).
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Let v: B\ {0} — Z the order of divisibility by x.

We have gr,(B) = K[y] ® xK[y] ® x*K[y] @ - -- = B.

Let i=x+y, h=x—yand A= K[f,h] (so A= B).
Grade A by A = Z/27 via dega(f;) = 0 and degp(f2) = 1.

Then in2(A) =y ®0and in?(h) = -y ® 1.



Let char(K) # 2 and let B = K|[x,y].
Let v: B\ {0} — Z the order of divisibility by x.

We have gr,(B) = K[y] ® xK[y] ® x*K[y] @ - - - = B.

Let i=x+y, h=x—yand A= K[f,h] (so A= B).
Grade A by A = 7/27 via dega(fi) = 0 and dega(f2) = 1.
Then in2(f;) =y ®0 and in2(h) = —y @ 1.

The element f2 — £2 = 4xy is homogeneous with dega (4xy) =0
and

in€(4Xy) =4xy ®0 ¢ in?({fh f})-
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. Homogeneous subduction -

Let f € A be homogeneous and G = {f,,...,fyx} CA
homogeneous elements.

Iteratively cancelling in2(f) gives f = g + r with
o geK[f,....fil reA
e in2(r) ¢ in2(G) and v(r) > v(f)
® ‘everything is homogeneous’

The resulting procedure is called homogeneous subduction.
Homogeneous subduction does not terminate in general.

Known properties that assure termination are:
e {v(f)|0+#f e A} is maximum well-ordered.

~ Johannes Schmitt (RUB) ~ Homogeneous Khovanskii bases and MUVAK bases 7



. Homogeneous subduction -

Let f € A be homogeneous and G = {f,,...,fyx} CA
homogeneous elements.

Iteratively cancelling in2(f) gives f = g + r with
o geK[f,....fil reA
e in2(r) ¢ in2(G) and v(r) > v(f)
® ‘everything is homogeneous’

The resulting procedure is called homogeneous subduction.
Homogeneous subduction does not terminate in general.

Known properties that assure termination are:
e {v(f)|0+#f e A} is maximum well-ordered.

® Ajs is finite-dimensional for every § € A.
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Let A= K|f,..., fx] with fi homogeneous and

B KXy, X = inR(A), X; = inf(f).

Theorem

Assume the homogeneous subduction algorithm terminates for A.
Then {f1,..., fc} is a homogeneous Khovanskii basis if and only if
ker(8) = (h1,..., hs), hj homogeneous, and subduction
terminates with remainder O for h;(f1,...,f) and fi,..., f,
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. Computing a Khovanskii basis -

Let A= K|f,..., fx] with fi homogeneous and

B KX, ..., Xi] = in2(A), X; — in2(f).

Theorem

Assume the homogeneous subduction algorithm terminates for A.
Then {f1,..., fc} is a homogeneous Khovanskii basis if and only if
ker(8) = (h1,..., hs), hj homogeneous, and subduction
terminates with remainder O for h;(f1,...,f) and fi,..., f,
1<i<s.

This can be turned into an algorithm that terminates if and only if
there is a finite homogeneous Khovanskii basis.






Let fi = x+ y and f; = x — y with in2(f;) = y ® 0 and
in(h)=-yoL



Let f=x+4yand fo = x — y with in2(f) = y ® 0 and
in2(h) = -yl

Then ker(3) = (X? — X3), so f2 — 2 = 4xy.



Let f=x+4yand fo = x — y with in2(f) = y ® 0 and
in2(h) = -yl

Then ker(B) = (X2 — X2), so f2 — £? = 4xy.

Subduction of 4xy by f1, f, terminates immediately with remainder
4xy.



Let f=x+4yand fo = x — y with in2(f) = y ® 0 and
in2(h) = -yl

Then ker(B) = (X2 — X2), so f2 — £? = 4xy.

Subduction of 4xy by f1, f, terminates immediately with remainder
4xy.

We add f3 = 4xy.



Let f=x+4yand fo = x — y with in2(f) = y ® 0 and
in2(h) = -yl

Then ker(ﬁ) = <X12 — X22>, e} f12 — f22 = 4xy

Subduction of 4xy by f1, f, terminates immediately with remainder
4xy.

We add f3 = 4xy.

Now ker(3) contains no new relations, so {fi, f,f3} is a
homogeneous Khovanskii basis.
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Now consider multiple valuations vq, ..., vy, : B\ {0} — Z.
However, these give not rise to a ‘joined filtration’ on B.

Let f,f,...,fx € A homogeneous. Then f is faithfully

representable in fi, ..., fi with respect to vq,..., vy, if there is
he K[Xi,...,Xk] with h(fi,...,fx) = f and for all t € Supp(h)
we have v;(t(f,...,f)) > vi(f), 1 <i<m.

Homogeneous MUVAK basis
A set G C A of homogeneous K-algebra generators is a

homogeneous MUVAK basis of A with respect to v, ..., vp, if for
every f € A homogeneous, there are fi,...,fc € G, such that f is
faithfully representable in f1, ..., f.
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Now consider multiple valuations vq, ..., vy, : B\ {0} — Z.
However, these give not rise to a ‘joined filtration’ on B.

Let f,fi,..., fx € A homogeneous. Then f is faithfully

representable in fi, ..., fi with respect to vq,..., vy, if there is
he K[Xi,...,Xk] with h(fi,...,fx) = f and for all t € Supp(h)
we have v;(t(f,...,f)) > vi(f), 1 <i<m.

Homogeneous MUVAK basis

A set G C A of homogeneous K-algebra generators is a

homogeneous MUVAK basis of A with respect to v, ..., vp, if for
every f € A homogeneous, there are fi,...,fc € G, such that f is
faithfully representable in f1, ..., f.

MUVAK = Multiple Valuations Analogue to Khovanskii bases
 Johamnes Schmitt (RUB) ORISR KIS VOVAREEE] 090200 10



11



Let B = K|x, y] and vy, v, be order of divisibility by x and y.



Let B = K[x, y] and v, v, be order of divisibility by x and y.

Let A=x2+xy, b =x> f=y>+xy, fy = y? and
A= K[fi, b, f5, ] (and A = {0}).



Let B = K[x, y] and v, v, be order of divisibility by x and y.

Let i =x>+xy, h=x% fh=y>+xy, 1 =y? and
A= K[f, 3,17 (and A = {0}).

Ak ff Ak A
vwll 2 0 O in, | xy x2 y? y?
vw| 0 0 1 2 iny, x> x2 xy y?




Let B = K[x, y] and v, v, be order of divisibility by x and y.

Let A=x2+xy, b =x> f=y>+xy, fy = y? and
A= K[fi, b, f5, ] (and A = {0}).

A h K f EE
vwll 2 0 O in, | xy x2 y? y?
vw| 0 0 1 2 iny, x> x2 xy y?

Let f=f —f=xy and h € K[Xq, ..., Xa] with h(fi,...,f) = f.

11



Let B = K[x, y] and v, v, be order of divisibility by x and y.

Let A=x2+xy, b =x> f=y>+xy, fy = y? and
A= K[fi, b, f5, ] (and A = {0}).

A h K f EE
vwll 2 0 O in, | xy x2 y? y?
vw| 0 0 1 2 iny, x> x2 xy y?

Let f=f —f=xy and h € K[Xq, ..., Xa] with h(fi,...,f) = f.

We must have h = a1 X1 4+ ax Xo + a3 X3 + a4 Xy with a; € K and
a; #0oraz#0.

11



Let B = K[x, y] and v, v, be order of divisibility by x and y.

Let A=x2+xy, b =x> f=y>+xy, fy = y? and
A= K[fi, b, f5, ] (and A = {0}).

A h K f EE
vwll 2 0 O in, | xy x2 y? y?
vw| 0 0 1 2 iny, x> x2 xy y?

Let f=f —f=xy and h € K[Xq, ..., Xa] with h(fi,...,f) = f.

We must have h = a1 X1 4+ ax Xo + a3 X3 + a4 Xy with a; € K and
a; #0oraz#0.

If a1X1 € Supp(h), then v,(a1fi) < v,(f) = 1, otherwise
vx(azfz) < v (f) = 1.
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Let B = K[x, y] and v, v, be order of divisibility by x and y.

Let A=x2+xy, b =x> f=y>+xy, fy = y? and
A= K[fi, b, f5, ] (and A = {0}).

A h K f EE
vwll 2 0 O in, | xy x2 y? y?
vw| 0 0 1 2 iny, x> x2 xy y?

Let f =fA —fh=xy and h € K[X1,...,Xa] with h(fi,...,fa) = f.
We must have h = a1 X1 4+ ax Xo + a3 X3 + a4 Xy with a; € K and
a; #0oraz#0.

If a1X1 € Supp(h), then v,(a1fi) < v,(f) = 1, otherwise
vx(azfz) < v (f) = 1.

So, {fi,...,fa} is not a MUVAK basis.
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Let A= Kl[f,..., f] and put
a: K[Xy,...,Xd] = A, Xj— 1,
Bi: K[X1,..., Xe] = inG(A), X; — in2(f).
Every v; gives a Z-grading deg; via deg;(X;) = vi(f;).

We homogenize elements in K[X,..., Xk] ‘negatively’, so we add
variables tq,. .., tm with deg;(t;) = —dj;.



. An equivalent characterization -

Let A= K|fi,...,fx] and put
[0 K[Xl,...,Xk]—>A, )<jl—> 6‘,
Bi: K[X1,..., Xe] = inG(A), X; — in2(f).

Every v; gives a Z-grading deg; via deg;(X;) = vi(f;).

We homogenize elements in K[X,..., Xk] ‘negatively’, so we add
variables tq,. .., tm with deg;(t;) = —dj;.

Theorem
The set {f1,..., fc} is a homogeneous MUVAK basis of A with
respect to vi, ..., vy, if and only if ker(3;)'°™ C ker(a)"°™ 4 (t;)

forall1<i<m.



. An equivalent characterization -

Let A= K|fi,...,fx] and put
a:K[Xl,...,Xk]—>A, )<jl—>f,,
Bi: K[X1,..., Xe] = inG(A), X; — in2(f).

Every v; gives a Z-grading deg; via deg;(X;) = vi(f;).

We homogenize elements in K[X,..., Xk] ‘negatively’, so we add
variables tq,. .., tm with deg;(t;) = —dj;.
Theorem

The set {f1,..., fc} is a homogeneous MUVAK basis of A with
respect to vi, ..., vy, if and only if ker(3;)'°™ C ker(a)"°™ 4 (t;)
forall1<i<m.

This can be turned into an algorithm that terminates if and only if
there is a finite MUVAK basis.
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Let B = K|x, y] and vy, v, be order of divisibility by x and y.



Let B = K[x, y] and v, v, be order of divisibility by x and y.

Let A =x>+xy, b =x2 f3=y>+xy, f = y? and
A= K[fi, h, f, ;] (and A = {0}).



Let B = K|[x, y] and vy, v, be order of divisibility by x and y.

Let fi = x>+ xy, b =x* f5=y> + xy, fy =y and

A= K[fi, b, f3,f] (and A = {0}).

ker(a)"om = 2 2 y2 2 2.2
er(O[) - <X1 tl_X2 t]_ _X3 t2+X4 t2 5 X3 —X2X4 t]. —2X3X4t2+X4 t2>
ker(81)"°™ = (X3 — Xata, XZ — XpXat3)

ker(B2)M°™ = (X; — Xat1, X§ — XoXat?)



Let B = K[x, y] and v, v, be order of divisibility by x and y.
Let A =x>+xy, h=x% f=y>+xy, 1 = y? and
A= K[f, f, f5. fa] (and A = {0}).

hom __ 2 2 2 2 2,2
ker(a) = (Xl t1—X5 t] —X3tr+ Xy t;, X3 —Xo Xy ty —2X3X4t2+X4 t2>
ker(ﬂl)h°m = <X3 — X4t2,X12 — X2X4t22>g ker(a)h°m + <t1>
ker(ﬁz)hm" = <X1 - X2t1,X32 - X2X4t12>
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ker(a) = (Xl t1—X5 t] —X3tr+ Xy t;, X3 —Xo Xy ty —2X3X4t2+X4 t2>
ker(ﬂl)h°m = <X3 — X4t2,X12 — X2X4t22>g ker(a)h°m + <t1>
ker(ﬁz)hm" = <X1 — thl,X32 — X2X4t12>g ker(a)h°m + <t2>

We add a(X3 — Xa) = a(X1 — X2) = xy to the generating set.
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Let f =x°>+xy, h =x% f3=y>+xy, f4 = y? and
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We add a(X3 — Xa) = a(X1 — X2) = xy to the generating set.
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Let B = K[x, y] and v, v, be order of divisibility by x and y.

Let f =x°>+xy, h =x% f3=y>+xy, f4 = y? and
A= K[f, f,f3,1f] (and A = {0}).

We add a(X3 — Xa) = a(X1 — X2) = xy to the generating set.
ker(o/)h°m = <X3 — Xyty — Xsty, X1 — Xoty — Xsto, Xo X4 — X52>

ker(B1)M°™ = (X3 — Xato, X1 — Xsto, XoXa — X2)
ker(5)"°™ = (X3 — Xst1, X1 — Xat1, XoXq — XZ)

Now ker(3/)"°m C ker(a/)"*™ + (), so {f,...,fa,xy} is a
MUVAK basis with respect to vy, v,.
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. Back to Cox rings -

Recall: | wanted to compute R(X). There is an injective map
0 : R(X) — C[V]ICl @¢ C[CI(X)free]

and valuations vy, ..., vy on C[V] coming from G.



. Back to Cox rings -

Recall: | wanted to compute R(X). There is an injective map
0 : R(X) — C[V]ICl @¢ C[CI(X)free]

and valuations vy, ..., vy on C[V] coming from G.

Theorem (Yamagishi, 2018; Grab, 2019)

Let f1,..., fi € C[V]I®¢] be homogeneous generators. Then
fi,..., Tk give rise to generators of R(X) via © if and only if
{fi,...,fi} is a homogeneous MUVAK basis of C[V]I® €] with
respect to vq,..., Vm.






. Some timings

Group Number of Yamagishi's Khovanskii MUVAK
valuations algorithm basis basis
G(6,1,2)® 6 1165 n/a 107
G(6,2,2) 4 2.62 n/a 2.10
G(6,3,2) 2 106 n/a 4.39
G(6,6,2) 2 0.53 n/a 0.34
G(7,1,2) 7 29,253 n/a 2322
G(7,7,2)® 1 145 4.89 153
G(8,2,2)® 5 31.7 n/a 16.9
G(8,4,2)® 3 13.4 n/a 5.11
G(8,8,2) 2 2.94 n/a 1.34
G(9,9,2)® 1 4748 14.9 5978
G(10,10,2)® 2 18.4 n/a 3.51
GY 2 50.0 n/a 12.5
GP 4 287 n/a 109
G 3 492 n/a 42.9
G? 5 970 n/a 495
GH 1 >36,000 415 >36,000

All timings in seconds using implementations in OSCAR.
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