
MEGA 2026
Durham University

Homogeneous Khovanskii bases and

MUVAK bases

Johannes Schmitt
Ruhr-Universität Bochum
6th July 2026





Motivation: Cox rings of quotient singularities

Homogeneous Khovanskii bases

MUVAK bases

Back to Cox rings



Quotient singularities Motivation
Khovanskii bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 1



Quotient singularities Motivation
Khovanskii bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 1

Let V be a C-vector space, dim(V ) < ∞, and G ≤ SL(V ) a finite
group.



Quotient singularities Motivation
Khovanskii bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 1

Let V be a C-vector space, dim(V ) < ∞, and G ≤ SL(V ) a finite
group.

The affine variety V /G = SpecC[V ]G is the linear quotient of V
by G .



Quotient singularities Motivation
Khovanskii bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 1

Let V be a C-vector space, dim(V ) < ∞, and G ≤ SL(V ) a finite
group.

The affine variety V /G = SpecC[V ]G is the linear quotient of V
by G .

Example

Kleinian surface singularities (ADE, Du Val, ...): quotients C2/G
with G ≤ SL2(C).



Quotient singularities Motivation
Khovanskii bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 1

Let V be a C-vector space, dim(V ) < ∞, and G ≤ SL(V ) a finite
group.

The affine variety V /G = SpecC[V ]G is the linear quotient of V
by G .

Example

Kleinian surface singularities (ADE, Du Val, ...): quotients C2/G
with G ≤ SL2(C).

For G ≤ SL(V ), V /G is singular and Gorenstein.



Quotient singularities Motivation
Khovanskii bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 1

Let V be a C-vector space, dim(V ) < ∞, and G ≤ SL(V ) a finite
group.

The affine variety V /G = SpecC[V ]G is the linear quotient of V
by G .

Example

Kleinian surface singularities (ADE, Du Val, ...): quotients C2/G
with G ≤ SL2(C).

For G ≤ SL(V ), V /G is singular and Gorenstein.

I am interested in birational models X → V /G with KX = 0
(Q-factorial terminalizations).



Quotient singularities Motivation
Khovanskii bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 1

Let V be a C-vector space, dim(V ) < ∞, and G ≤ SL(V ) a finite
group.

The affine variety V /G = SpecC[V ]G is the linear quotient of V
by G .

Example

Kleinian surface singularities (ADE, Du Val, ...): quotients C2/G
with G ≤ SL2(C).

For G ≤ SL(V ), V /G is singular and Gorenstein.

I am interested in birational models X → V /G with KX = 0
(Q-factorial terminalizations).

For Kleinian singularities, the minimal resolution is a Q-factorial
terminalization.
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One can recover X from the Cox ring R(X ) via variation of GIT
quotient (but that is not for today).

Assume that Cl(X ) is free. The Cox ring of X is the algebra

R(X ) =
⊕

[D]∈Cl(X )

Γ(X ,OX (D)).

Example

R(Pn) = C[x0, . . . , xn] with the standard grading.

To get closer to X , let us compute R(X ) (without knowing X !).
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Grab, 2019: There is an injective graded morphism

Θ : R(X ) → C[V ][G ,G ] ⊗C C[Cl(X )free].

Ito–Reid, 1996: G yields valuations v1, . . . , vm on C[V ] (→ McKay
correspondence).

Yamagishi, 2018; Grab, 2019: Using v1, . . . , vm one can ‘cook up’
generators of R(X ) from generators of C[V ][G ,G ].

Yamagishi (2018) gives an algorithm to compute R(X ).
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Let K be a field and B a finitely generated K -algebra and domain.

Let v : B \ {0} → Z be a valuation over K .

We have a filtration Fv = (Fv≥z)z∈Z on B via

Fv≥z = {f ∈ B \ {0} | v(f ) ≥ z} ∪ {0}.

This gives the associated graded algebra

grv (B) =
⊕
z∈Z

Fv≥z/Fv>z .

For f ∈ B \ {0} with v(f ) = z , write inv (f ) ∈ grv (B) for the
residue class of f in Fv≥z/Fv>z .
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Let A ≤ B be a finitely generated K -algebra.

Let A be graded by a finitely generated abelian group ∆.

For f ∈ A \ {0} homogeneous of degree deg∆(f ) = δ ∈ ∆, write

in∆v (f ) = inv (f )⊗ δ ∈ grv (B)⊗K K∆.

Write
in∆v (A) ≤ grv (B)⊗K K∆

for the algebra generated by all in∆v (f ) with f ∈ A \ {0}
homogeneous.

Homogeneous Khovanskii basis

A set G ⊆ A of ∆-homogeneous K -algebra generators is a
∆-homogeneous Khovanskii basis of A with respect to v , if the
set {in∆v (f ) | f ∈ G} generates in∆v (A).
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Let char(K ) ̸= 2 and let B = K [x , y ].

Let v : B \ {0} → Z the order of divisibility by x .

We have grv (B) = K [y ]⊕ xK [y ]⊕ x2K [y ]⊕ · · · = B.

Let f1 = x + y , f2 = x − y and A = K [f1, f2] (so A = B).

Grade A by ∆ = Z/2Z via deg∆(f1) = 0 and deg∆(f2) = 1.

Then in∆v (f1) = y ⊗ 0 and in∆v (f2) = −y ⊗ 1.

The element f 21 − f 22 = 4xy is homogeneous with deg∆(4xy) = 0
and

in∆v (4xy) = 4xy ⊗ 0 /∈ in∆v ({f1, f2}).
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• g ∈ K [f1, . . . , fk ], r ∈ A

• in∆v (r) /∈ in∆v (G) and v(r) > v(f )

• ‘everything is homogeneous’



Homogeneous subduction
Motivation
Khovanskii bases
MUVAK bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 7

Let f ∈ A be homogeneous and G = {f1, . . . , fk} ⊆ A
homogeneous elements.

Iteratively cancelling in∆v (f ) gives f = g + r with

• g ∈ K [f1, . . . , fk ], r ∈ A

• in∆v (r) /∈ in∆v (G) and v(r) > v(f )

• ‘everything is homogeneous’

The resulting procedure is called homogeneous subduction.



Homogeneous subduction
Motivation
Khovanskii bases
MUVAK bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 7

Let f ∈ A be homogeneous and G = {f1, . . . , fk} ⊆ A
homogeneous elements.

Iteratively cancelling in∆v (f ) gives f = g + r with

• g ∈ K [f1, . . . , fk ], r ∈ A

• in∆v (r) /∈ in∆v (G) and v(r) > v(f )

• ‘everything is homogeneous’

The resulting procedure is called homogeneous subduction.

Homogeneous subduction does not terminate in general.



Homogeneous subduction
Motivation
Khovanskii bases
MUVAK bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 7

Let f ∈ A be homogeneous and G = {f1, . . . , fk} ⊆ A
homogeneous elements.

Iteratively cancelling in∆v (f ) gives f = g + r with

• g ∈ K [f1, . . . , fk ], r ∈ A

• in∆v (r) /∈ in∆v (G) and v(r) > v(f )

• ‘everything is homogeneous’

The resulting procedure is called homogeneous subduction.

Homogeneous subduction does not terminate in general.

Known properties that assure termination are:



Homogeneous subduction
Motivation
Khovanskii bases
MUVAK bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 7

Let f ∈ A be homogeneous and G = {f1, . . . , fk} ⊆ A
homogeneous elements.

Iteratively cancelling in∆v (f ) gives f = g + r with

• g ∈ K [f1, . . . , fk ], r ∈ A

• in∆v (r) /∈ in∆v (G) and v(r) > v(f )

• ‘everything is homogeneous’

The resulting procedure is called homogeneous subduction.

Homogeneous subduction does not terminate in general.

Known properties that assure termination are:

• {v(f ) | 0 ̸= f ∈ A} is maximum well-ordered.



Homogeneous subduction
Motivation
Khovanskii bases
MUVAK bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 7

Let f ∈ A be homogeneous and G = {f1, . . . , fk} ⊆ A
homogeneous elements.

Iteratively cancelling in∆v (f ) gives f = g + r with

• g ∈ K [f1, . . . , fk ], r ∈ A

• in∆v (r) /∈ in∆v (G) and v(r) > v(f )

• ‘everything is homogeneous’

The resulting procedure is called homogeneous subduction.

Homogeneous subduction does not terminate in general.

Known properties that assure termination are:

• {v(f ) | 0 ̸= f ∈ A} is maximum well-ordered.

• Aδ is finite-dimensional for every δ ∈ ∆.



Computing a Khovanskii basis
Motivation
Khovanskii bases
MUVAK bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 8



Computing a Khovanskii basis
Motivation
Khovanskii bases
MUVAK bases

Johannes Schmitt (RUB) Homogeneous Khovanskii bases and MUVAK bases 8

Let A = K [f1, . . . , fk ] with fi homogeneous and

β : K [X1, . . . ,Xk ] → in∆v (A), Xi 7→ in∆v (fi ).
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Let A = K [f1, . . . , fk ] with fi homogeneous and

β : K [X1, . . . ,Xk ] → in∆v (A), Xi 7→ in∆v (fi ).

Theorem
Assume the homogeneous subduction algorithm terminates for A.

Then {f1, . . . , fk} is a homogeneous Khovanskii basis if and only if
ker(β) = ⟨h1, . . . , hs⟩, hi homogeneous, and subduction
terminates with remainder 0 for hi (f1, . . . , fk) and f1, . . . , fk ,
1 ≤ i ≤ s.
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Let A = K [f1, . . . , fk ] with fi homogeneous and

β : K [X1, . . . ,Xk ] → in∆v (A), Xi 7→ in∆v (fi ).

Theorem
Assume the homogeneous subduction algorithm terminates for A.
Then {f1, . . . , fk} is a homogeneous Khovanskii basis if and only if
ker(β) = ⟨h1, . . . , hs⟩, hi homogeneous, and subduction
terminates with remainder 0 for hi (f1, . . . , fk) and f1, . . . , fk ,
1 ≤ i ≤ s.

This can be turned into an algorithm that terminates if and only if
there is a finite homogeneous Khovanskii basis.
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Let f1 = x + y and f2 = x − y with in∆v (f1) = y ⊗ 0 and
in∆v (f2) = −y ⊗ 1.

Then ker(β) = ⟨X 2
1 − X 2

2 ⟩, so f 21 − f 22 = 4xy .

Subduction of 4xy by f1, f2 terminates immediately with remainder
4xy .

We add f3 = 4xy .

Now ker(β) contains no new relations, so {f1, f2, f3} is a
homogeneous Khovanskii basis.
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Now consider multiple valuations v1, . . . , vm : B \ {0} → Z.

However, these give not rise to a ‘joined filtration’ on B.

If f ∈ K [f1, . . . , fk ] and in∆v (f ) /∈ in∆v ({f1, . . . , fk}), then for all
h ∈ K [X1, . . . ,Xk ] with h(f1, . . . , fk) = f we have h(in∆v (fi )) = 0.
There must be t ∈ Supp(h) with v(t(f1, . . . , fk)) < v(f ).
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However, these give not rise to a ‘joined filtration’ on B.
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h ∈ K [X1, . . . ,Xk ] with h(f1, . . . , fk) = f and for all t ∈ Supp(h)
we have vi (t(f1, . . . , fk)) ≥ vi (f ), 1 ≤ i ≤ m.
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Homogeneous MUVAK basis

A set G ⊆ A of homogeneous K -algebra generators is a
homogeneous MUVAK basis of A with respect to v1, . . . , vm, if for
every f ∈ A homogeneous, there are f1, . . . , fk ∈ G, such that f is
faithfully representable in f1, . . . , fk .
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we have vi (t(f1, . . . , fk)) ≥ vi (f ), 1 ≤ i ≤ m.

Homogeneous MUVAK basis

A set G ⊆ A of homogeneous K -algebra generators is a
homogeneous MUVAK basis of A with respect to v1, . . . , vm, if for
every f ∈ A homogeneous, there are f1, . . . , fk ∈ G, such that f is
faithfully representable in f1, . . . , fk .

MUVAK = Multiple Valuations Analogue to Khovanskii bases
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f1 f2 f3 f4

vx 1 2 0 0

vy 0 0 1 2
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Let f = f1 − f2 = xy and h ∈ K [X1, . . . ,X4] with h(f1, . . . , f4) = f .
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Let f = f1 − f2 = xy and h ∈ K [X1, . . . ,X4] with h(f1, . . . , f4) = f .

We must have h = a1X1 + a2X2 + a3X3 + a4X4 with ai ∈ K and
a1 ̸= 0 or a3 ̸= 0.
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Let f = f1 − f2 = xy and h ∈ K [X1, . . . ,X4] with h(f1, . . . , f4) = f .

We must have h = a1X1 + a2X2 + a3X3 + a4X4 with ai ∈ K and
a1 ̸= 0 or a3 ̸= 0.

If a1X1 ∈ Supp(h), then vy (a1f1) < vy (f ) = 1, otherwise
vx(a3f3) < vx(f ) = 1.
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Let f1 = x2 + xy , f2 = x2, f3 = y2 + xy , f4 = y2 and
A = K [f1, f2, f3, f4] (and ∆ = {0}).

f1 f2 f3 f4

vx 1 2 0 0

vy 0 0 1 2

f1 f2 f3 f4

invx xy x2 y2 y2

invy x2 x2 xy y2

Let f = f1 − f2 = xy and h ∈ K [X1, . . . ,X4] with h(f1, . . . , f4) = f .

We must have h = a1X1 + a2X2 + a3X3 + a4X4 with ai ∈ K and
a1 ̸= 0 or a3 ̸= 0.

If a1X1 ∈ Supp(h), then vy (a1f1) < vy (f ) = 1, otherwise
vx(a3f3) < vx(f ) = 1.

So, {f1, . . . , f4} is not a MUVAK basis.
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α : K [X1, . . . ,Xk ] → A, Xj 7→ fj ,

βi : K [X1, . . . ,Xk ] → in∆vi (A), Xj 7→ in∆vi (fj).

Every vi gives a Z-grading degi via degi (Xj) = vi (fj).

We homogenize elements in K [X1, . . . ,Xk ] ‘negatively’, so we add
variables t1, . . . , tm with degi (tj) = −δij .

Theorem
The set {f1, . . . , fk} is a homogeneous MUVAK basis of A with
respect to v1, . . . , vm if and only if ker(βi )

hom ⊆ ker(α)hom + ⟨ti ⟩
for all 1 ≤ i ≤ m.
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Let A = K [f1, . . . , fk ] and put

α : K [X1, . . . ,Xk ] → A, Xj 7→ fj ,

βi : K [X1, . . . ,Xk ] → in∆vi (A), Xj 7→ in∆vi (fj).

Every vi gives a Z-grading degi via degi (Xj) = vi (fj).

We homogenize elements in K [X1, . . . ,Xk ] ‘negatively’, so we add
variables t1, . . . , tm with degi (tj) = −δij .

Theorem
The set {f1, . . . , fk} is a homogeneous MUVAK basis of A with
respect to v1, . . . , vm if and only if ker(βi )

hom ⊆ ker(α)hom + ⟨ti ⟩
for all 1 ≤ i ≤ m.

This can be turned into an algorithm that terminates if and only if
there is a finite MUVAK basis.
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We add α(X3 − X4) = α(X1 − X2) = xy to the generating set.
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Let f1 = x2 + xy , f2 = x2, f3 = y2 + xy , f4 = y2 and
A = K [f1, f2, f3, f4] (and ∆ = {0}).

We add α(X3 − X4) = α(X1 − X2) = xy to the generating set.

ker(α′)hom = ⟨X3 − X4t2 − X5t1,X1 − X2t1 − X5t2,X2X4 − X 2
5 ⟩

ker(β′
1)

hom = ⟨X3 − X4t2,X1 − X5t2,X2X4 − X 2
5 ⟩
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hom = ⟨X3 − X5t1,X1 − X2t1,X2X4 − X 2
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Let f1 = x2 + xy , f2 = x2, f3 = y2 + xy , f4 = y2 and
A = K [f1, f2, f3, f4] (and ∆ = {0}).

We add α(X3 − X4) = α(X1 − X2) = xy to the generating set.

ker(α′)hom = ⟨X3 − X4t2 − X5t1,X1 − X2t1 − X5t2,X2X4 − X 2
5 ⟩

ker(β′
1)

hom = ⟨X3 − X4t2,X1 − X5t2,X2X4 − X 2
5 ⟩

ker(β′
2)

hom = ⟨X3 − X5t1,X1 − X2t1,X2X4 − X 2
5 ⟩

Now ker(β′
i )
hom ⊆ ker(α′)hom + ⟨ti ⟩, so {f1, . . . , f4, xy} is a

MUVAK basis with respect to vx , vy .
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Recall: I wanted to compute R(X ). There is an injective map

Θ : R(X ) → C[V ][G ,G ] ⊗C C[Cl(X )free]

and valuations v1, . . . , vm on C[V ] coming from G .
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Recall: I wanted to compute R(X ). There is an injective map

Θ : R(X ) → C[V ][G ,G ] ⊗C C[Cl(X )free]

and valuations v1, . . . , vm on C[V ] coming from G .

Theorem (Yamagishi, 2018; Grab, 2019)

Let f1, . . . , fk ∈ C[V ][G ,G ] be homogeneous generators. Then
f1, . . . , fk give rise to generators of R(X ) via Θ if and only if
{f1, . . . , fk} is a homogeneous MUVAK basis of C[V ][G ,G ] with
respect to v1, . . . , vm.
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Group Number of Yamagishi’s Khovanskii MUVAK
valuations algorithm basis basis

G(6, 1, 2)⊛ 6 1165 n/a 107
G(6, 2, 2)⊛ 4 2.62 n/a 2.10
G(6, 3, 2)⊛ 2 106 n/a 4.39
G(6, 6, 2)⊛ 2 0.53 n/a 0.34
G(7, 1, 2)⊛ 7 29,253 n/a 2322
G(7, 7, 2)⊛ 1 145 4.89 153
G(8, 2, 2)⊛ 5 31.7 n/a 16.9
G(8, 4, 2)⊛ 3 13.4 n/a 5.11
G(8, 8, 2)⊛ 2 2.94 n/a 1.34
G(9, 9, 2)⊛ 1 4748 14.9 5978
G(10, 10, 2)⊛ 2 18.4 n/a 3.51
G⊛
4 2 50.0 n/a 12.5

G⊛
5 4 287 n/a 109

G⊛
6 3 492 n/a 42.9

G⊛
7 5 970 n/a 495

G⊛
12 1 >36,000 415 >36,000

All timings in seconds using implementations in OSCAR.
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